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Meteorology. — “The treatment of wind-observations.’ By 
Dr. J. P. van DER STOR. 


(Communicated in the meeting of February 23, 1907). 


1. When working out wind-observations we directly meet with 
the diffieulty that a method holding generally; in which the charac- 
teristics of a wind distribution come to the fore in ceondensed 
form, does not exist. The discussion held for many a year concerning 
the desirability or not of an application of LAMBErT’s formula, i.e. 
of the calceulation of the vectorial mean of velocity or force has not 
led to a definite result and the consequence is that for regions where 
trade- and monsoon winds prevail the calculation of this mean can 
be applied, not for higher latitudes, so that here we have to judge 
by extensive tables of frequencies of direction and mean velocities, 
independent of direction. 

When working out the wind-observations made at Batavia I did not 
hesitate to make an extensive use of this formula ; the same method has 
been followed in the atlas for the East Indian Archipelago; but in order 
to give at least a notion of the value of the velocities annulling each 
other here I have added to the resulting movement (called by Hann 
windpath) a so-called factor of stability. If namely the wind were 
perfectly stable, the vectoriail mean would be equal to the mean 
independent of the direction and the stability would amount to 
100 °/,, which percentage becomes smaller and smaller according to 
the direction of the wind becoming more variable. So here attention 
is drawn to the fact, that a part of the observations is eliminated, 
but it is not indicated what character this vanishing part has which 
becomes chief in our regions. 

In the climatological atlas lately published of British India the 
same method is followed; in the “Klima Tabeller for Norge” Monn 
gives but the above mentioned tables without caleulation of the 
vectorial mean, which is, indeed, of slight importance for this climate. 

The same uncertainty is found in the graphical representation of 
a wind distribution by so-called windroses; almost everyone who 
has been occupied in arranging books of prints has projeeted wind- 
roses of his own; some of those roses, as e.g. in the “Vierteljahrs- 
karte für die Nordsee und Ostsee” published by the “Deutsche 
Seewarte”, show only the frequencies of direetion without veloeities: 
in others, as e.g. those shown in the above atlas of the Eası Ind 
each direetion is taken into account with the veloeity belonging to ft 
as weight, so that mean veloeities are represented. All these roses 
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furnish discontinuous quantities and change their aspeet according 
to their boundaries being taken differently. 

In BucHan’s general meteorological atlas no roses are projected, 
only arrows indicating the most ‚frequent direction without heeding 
the force, and in the--“Segelhandbuch für den Atlantischen Ozean” 
published by the “Deutsche Seewarte’”’ for higher latitudes where the 
wind is variable the use of wind-observations is entirely done away 
with and arrows have been drawn in accordance with the course 
of ihe mean isobars on account of the law of Burs BaLrorT, where 
a constant angle of 68° between gradient and direction of wind has 
been assumed. 

This short survey of the manner in which in the most recent 
standard works this problem has been treated may show that indeed 
there is as yet no question about a satisfactory solution, as has already 
been observed. 

The aim of this communication is to hit upon a general method 
of operation and representation of an arbitrary wind distribution 
in which to the variable part also justice is done, whilst the gra- 
phical representation has a continuous course and shows at a glance 
the five characteristie quantities which mark each wind distribution 
and which may be, therefore, called the wind-constants. 

The method proposed here is founded on the basis of the caleulus 
of probability, but it is important to notice that it is not atall bound 
to it; at the bottom it is the same which is generally applied in the 
treatment of direceted quantities: distribution of masses and forces in 
mechanics, the theory of elastieity, the law of radiation and the 
theory of errors in a plane. 


3. A wind-observation can be represented by a point in a plane 
such that the distance to an assumed origin is a measure for the 
velocity of the wind (or force) and that the angle made by the 
radius vecetor with the Y (North) axis counted from N. to E. indicates 
the direction. If in this way all observations, N in number, are drawn 
and if we think that to each point an equal mass is connected, then 
in general the centre of gravity will not coincide with the origin 
seleeted; its situation may be determined by the ‘quantities R, and «. 
The distribution of the masses around the centre of gravity, is then 
characterized by the lengths M and M’ of the two principal axes of 
inertia and the angle 8 enclosed by the axes M and Y. 

As is kuown the five constants by which such a system is charac- 
terized can be caleulated according to this purely mechanie notion 
by determining the moments M, and M, with respect to the axes 
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and the moments of inertia M,’ and M,? and M,,, which furnish 
the five equations necessary for the calculation of the unknown 
quantities. 1 

We arrive at quite the same equations when the distribution of 
the winds according to direction and velocity is regarded as a system 
of accidental, directed quantities in a plane. The centre of gravity 
then represents according to size and direction the constant part of 
the wind which is supposed to be connected with all observations 
and of which, therefore, the probability is equal to unity ; the axes of 
inertia become principal axes of probability and the lengths M and 
M’ are replaced by the reciprocal lengths h and A’, so that 


wet a 

Fan Ns ee 
The sum of the masses is put equal to-unity and for the proba- 

bility that an observation lies between the limits R and R+dR 

of velocity and 6 and 6 +.d6 as far as direction is concerned the 

expression holds 


Rh _ 
— EM RAR dB, N nn 


where: 
FR,O)=%° [R cos (O—B)—R, cos(a—B)]’ + h"[Rsin(O—B)—R,sin(a—ß)]*.(8) 


In the language of the theory of errors \R,,e) would be the 
so-called constant error, M and M' the greatest and smallest projections 
of the mean errors. As observations of wind agree still less than 
other meteorological quantities with the opinion held in the theory 
of errors, where the constant part is regarded as the end of the 
operation and the variable quantities as deviations, it is desirable 
when applying the caleulus of probability to quantities of this kind 
to be entirely free of the terminology used in the theory of errors, 
but which would be here without meaning and which would give 
rise to misunderstanding. 

The treatment must also differ somewhat from that of erroneous 
quantities, it being if not impossible at least impractical to correct 
all the observations for the constant part. 


3. As examples of treatment two series of observations have been 
selected from the treated material. 

a. Observations of wind performed at Bergen (Norway) during 
20 years, 1885—1904, three times daily at8A.M, 2P.M.and8P.M. 
The veloceity (or force) of the wind is expressed in the so-called 
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half scale of Braurort \1—6) (Jahrbuch des Norwegischen Meteorol. 
Instituts, Christiania). 

b. Observations of wind performed at Falmouth (Channel) during 
17 years, 1874—1886 and 1900—-1903 ; the observations made in the 
years 1887—1899 are--published in such a way as to be useless for 
this investigation. 

Observations have been used, made daily six times: atnoon, 4 P.M., 
8 P.M., midnight, 4 A.M. and 8 A.M.; the velocity of wind is 
expressed in English (statute) miles an hour (Hourly readings obtained 
from the selfrecording instruments ete. London). 

With respect to the force of the wind estimated at Bergen is to 
be noticed that in this communication these scale-values are regarded 
not as forces but as velocities, although in reality they are neither 
one nor the other. According to a recent extensive investigation ') 
the ratio of the Beaufort values to corresponding velocities can be 
indicated by the following numbers 


BEAUFORT velocity ratio BEAUFORT velocity ratio 
meters a second meters a second 

0 1.34 — 6 10.95 1.83 
1 2.24 2.24 7 13.41 1.92 
2 3.58 1.79 8 16.09 2.01 
3 4.92 1.64 ) 19:67 2.19 
4 6.71 1.68 10 23.69 2.34 
5 8.72 1.74 


As the various velocities do not appear in an equal number the 
total mean out of these ratios would not give a fit factor of reduction 
for mean Bkaurort-values; so a certain weight must be assigned 
to each separate ratio. For this the frequencies have been used of 
the 36000 wind-velocities observed at Falmouth calculated for a 
whole year; in this way has been found for the reduction-factor 1.83; 
the English measure, miles an hour, can be reduced to m.a.s. and 
Braurort scale-values by means of multiplication respectively by 


0.447 and 0.244. 


I) The Braurorr scale of windforce. 

Report of the Director of the Meteor. Office upon an Inquiry into the Relation 
between the Estimates of Windforce according to Admiral Bzaurort's Scale and 
the velocities recorded by Anemometers. London, 1906. 
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4. The caleulation of the five charateristie eonstants of a wind 
distribution amounts in one respect to the integration of (2), in 
another respect to the means applied in this integration to a given 


set of observations. 
The integration of (2) takes place by the introduction of rectangular 


coordinates : 

a—=—Rsn6 , y=Rws®6, 
where the element RdRd@ is replaced by the element dedy, whilst 
the limits whieh were © and 0 for AR, 2x and 0 for 6, now become 


ao and — o. 
Then the expression (2) under the sign of the integral is multiplied 


successively by 
2, y, «*, y? and =y. 
If we then put: / 
R, cos (@a—P) = a, = — «sinß + y' cos ß, 
R, sin (a— PB) =b, y=«'cosß — y'sin ß, 


the variables «' and y' can be separated and the integration can be 
done; in this way we find for tlıe determination of the five quantities 
to be obtained the five equations : 


M, =acsß—bsinß, M,=uasinß + bcosß 
co®’ß  sin’ß 


MM EI + EYFE + a? cos? ß + b? sin’ ß — absin 2B 
In 
) 
= ie sin’ ß + b? cos? 8 + ab sin 28 ’ () 


2My= (- z)' in 2B + (a? — b?)sin2ß + ab cos 28 
out of which, on account of (1) 
M; =R,csa, M,=R,sin a \ 
M.’+ My’ — [M2)’ + (M)] = M?’ + M” ke: 
M — My — [AM — (M,)?] =(M* — M')eos2ß 
2M:y — 2M,;M, = (M? — M”) sın 28 \ 
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TABLE I. Frequencies of the wind. 


Bergen. June. 
In half BEAuFoRrT scale-values. 


0: | 1 2 3 4 5 | Sum 
C 261 _ = en ni 961 
N 59 30 29 5 2 125 
NNE 6 6 11 — _ 13 
NE 6 2 | — = 8 
ENE 3 2 | — =. 5 
E 13 u — | — = 13 
ESE 4 1 a = 5 
SE 24 3 1| — — 28 
SSE 40 16 31 — _ 59 
S 115 54 22 6 _ 197 
SSW 56 39 45 4 — 114 
SW 25 10 2 2 —_ 39 
WSW 9 2 —|.m = 44 
w 98 26 5 — — 129 
WNW 99 24 1| — —_ 124 
NW 1% 51 6| — _ 247 
NNW 246 | 118 46 | 12 _ 422 


Sum % 1 993 | 384 | 131 | 29 2 | 1800 


5. In order to apply the formulae (4) to a given set of obser- 
vations we must compose for each period, e.g. each month, in the 
first place a table of frequency of direction and veloeity, which can 
be easily done. In Table I such a composition has been given as 
an example. 

Further out of this table have been calculated the products of 
these frequencies f with the scale-values R, the latter counted 
double, so that the produets have been expressed in the ordinary 
Braurort scale; finally these products have been once again multiplied 
by the corresponding scale-values ( JR’); in this simple way we 
find the sums. 
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TABLE I. 


fR 


The sums /R, multiplied respectively by cos6 and sin6 and 
divided by 1800, immediately furnish the quantities M, and M,; 
the sums- /R?’ must be multiplied successively by cos’ 6, sin’6 and 
sin cos 6. 

It is easier to multiply the latter sums by cos2@ and sın 20; if 
the total mean is S, we find: 

M£?=/Ros®’0=}S-+ 3 /R’c0s20 
M—=jR sin’@=}%5 — 4 /R?c0s20 
2Mry— FR? sin 20. 

So the whole operation greatly resembles the caleulation of FouRIER 
terms; indeed, also by the way of operation indicated here an 
analysis of the movement of the air is obtained. 

In the Tables III and IV we find the values of the wind-constants 
calculated in this way; besides the five characteristie quantities we 
find still given as quantities practically serviceable for various ends: 

J 2 13 

ve A Ei the excentrieity of the ellipse of which M and 
M’ represent the half principal axes, 

(R, and a’) the resultants of the squares of the velocities giving 
an image of the mean ilux of energy, 

V the mean velocity independent of the direction, 

V? the mean square of the veloeity independent of the direction, 
i.e. a measure for the total energy; this quantity is according to (4) 
analogous to the square of the mean error, not correeted for the 
constant part, in the theory of errors, 

N the number of used observations. 


( 691 ) 


TABLE IIla Constants of the wind. 
Bergen 1885-—-1904. 


In BEAUFORT scale-values. 


| R, 
January 0.873 
February 0.858 
March 0.872 
April 0.859 
May 0.879 
June 0.891 
July 2.64 0.885 
August 13 2351 2.86 1792 168 0.904 
September 97 212 2 88 1.38 474 0.876 
October ‚10 182 2.94 1852 474 0.857 
November 1051 179 3 10 1.48 471 0.880 
December 1.78 179 3 14 4257 47% 0 866 
Year 0.85 203 29T 1.4% ala 0.875 


TABLE IIIb Constants of the wind. 


Bergen 1885—1904. 


In BEAUFORT scale-values, 


January 

February 14.4%& 1695 
March 14.48 1860 
April 10.61 1800 
May 10.39 1860 
June 9.38 1800 
July 9.32 | 1860 
August 10.18 1860 
September 11.14 1800 
‚October 12.19 1860 
November 14.09 1800 
December 15.50 1860 
Year 12,45 | 21915 
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TABLE IVa. Constants of the wind. 
Falmouth. 1874—1886, 1900—1903. 


In Eng. miles an hour. 


January 

February 14.08 13.25 164 0.339 
March 15.02 13.26 67 0.470 
April 13.70 12.21 72 0.454 
May 12 02 11.52 40 0.286 
June 1121977 1230507 158 | 0.436 
July 10.39 8.92 155 0.507 
August 10.48 9.76 82 0.363 
September 11.05 10.67 164 0.260 
October 13.91 13.03 8 0.266 
November 13.75 13.03 | 23 0.318 
December 5.69 13.69 12.98 22 0.318 
Year 4.14 12.60 12.43 96 0.166 


TABLE IVb. Constants of the wind. 
Falmouth. 


January 


February 9675 
March 9930 
April 2879 
May 3140 
June 3015 
July 3060 
August | 3454 
September 3047 
October 2154 
November 3053 
December 2888 
Year 
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A closer discussion of the results arrived at in this way may for 
shortness’ sake be left out; however, the observation is not super- 
fluous that the two examples represent two types, a reason wlıy 
they were chosen. At Bergen the ellipse of the variable winds is 
very constant of shape and the excentrieity is very great; at Falmouth 
the difference between M and M’ is always very slight and the 
differences found there are evidently to be regarded rather as accidental 
arithmetical results than as facts, the angle $ being subject to great 
and irregular oseillations; evidently the ellipse approaches a circle, so 
that in form (2) we may put A=/. This leading to a considerable 
simplification of the formula, these observations at Falmouth are 
eminently fit for comparison of the results of calculation and obser- 
vation, whilst also the fact that here real velocities have been 
observed with well-verified instruments, makes this series very 
favourable. 


6. The expression (2) shows: the probability that an observation 
lies between the limits R and R+dR, 6 and 4 +de; the same 
expression without the element RdRd# indicates : the specific proba- 
bility of a wind (R,®) i.e. the probability with respect to the 
unity of surface when one imagines this surface to be small. If we 
put for simplification : 

"®+tMt—=2p, MN®—M—2g, R’(p— ges2(a —PB)—u 
(P—g02(—-B)=m "=R,(p' + 9° — 2p9 02 (a —P)) 
psina+ gsin(@a— 2) 


—p)=ı it > ; 
uU h ie pcosa— gcos(a — 2 ß) 


then (2) takes the form: 
2 — gt 
De a rien nandes 16», Navlan (5) 
n 
If here we put: 

Div SR De Au, „u nee) 
then it follows out of the above formulated definition that the specific 
probability of all observations Iying on the eircumference of the 
excentrie ellipse (6) is the same and equal to: 

Verlag, a2 BEN 
IT 
The probability that the veloeity of the wind does not surpass the 


‘value R. expressed by (6) in function of 9, in other words the number 
of observations which are to lie within the area of the ellipse, is 
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found by integrating (5), first with respect to R between the limits 
R, and 0, then with respect to # between 2” and 0. 

For the simple case R, = 0, so ao a—=0 and 2=(), the 
first integration gives immediately 


a Er 


n i 2v 
and as 
In 
Aa, 
ar Rn, 
) 


the probability to be found becomes simply : 
1 Be REN 


and the number of observations Iying inside the eircumference of 
the ellipse (6): 


N (l-—e-e). 


This amount remaining the same whether we regard the ellipse 
(6) from the excentrie origin or from the centre, i.e. for A, —0, 
if with the integration the limits are changed correspondingly, the 
expression (7) must also be accurate when A, is not equal to zero 
and must thus hold in general. 

Indeed, an other simplification, namely g=0 (which is applicable 
to the results for Falmouth) leads to a set of definite integrals, which 
can be evaluated and which confirm this conclusion. 

Amongst the series of ellipses represented by (6) two are 
remarkable ; if we assign to c the value 0.5, then on account of 
(1) the half axes of the ellipse become equal to the greatest and 
smallest projeetions J/ and M’ of the mean veloeities, so that the 
ellipse (6) then represents what we might call the specific or typical 
windellipse, thus a kind of windrose, in which the characteristie 
qualities of the wind-distribution under consideration inmediately 
become conspicuous. 


The radius vector AR, drawn to an arbitrary point in the eireum- 


ference is given in the direction determined by that choice by the 
equation : 


IR Ana ten ri), 
The probability that a velocity does not surpass this value is: 


1 eh = 0.39347. 
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So among a thousand observations there will be 393 Iying 
inside tbis typical ellipse whilst the specific probability of each of 
the veloeities A, is: 


EEE 
0.6065 Vr'T' 


IE 


In the given diagram such a typical 
windellipse is represented for Bergen in 
the month of June by the dotted line, 
the vector OC represents here the constant 
part (R,,e), the half axes are equal to M 
and M’, and the ange NOM =; one 
millimeter corresponds to °/,, BEAUFORT scale- 
value or. to °/, X 1.83 = 0.275 meter a 
second. 

If necessary this diagram might be am- 
plified with two ceircles, one of a radius 


VM®ıLM®, 
representing tlıe mean monthly wind velocity corrected for the 
constant part, the other described with radius 


vVRFIWFMSLM), 


which is according to (4) a measure for the mean total veloecity, 
corresponding to the square root of the quantity V” of the tables 
III and IV. 

An other remarkable ellipse which might be called the probable 
windellipse is obtained by requiring half of the observations to lie 
within its dominion; we have then to determine c in such a way that 


I ern .0 0,6932; 


so that the axes of this ellipse are 
V2e=yV2x 0.8326 — 1.177 


times longer than those of the typical windellipse ; the number 0.8326 
is a quantity known in the theory of errors in the plane. 


7. The frequency of the windvelocities, setting aside the direction, 
cannot be represented in a finite form; we can arrive at a form 
serviceable for comparison with the observation by writing (5) thus: 


ax 98 q na 5 
emp uno, 
T 
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by developing the last exponential factor and then by expressing the 
powers and products of cosines in cosines of multiples. 

It is elear that when integrating (8) with respect to # from 2x to 
0 only those terms are left which are independent of # and which 


appear with the common factor 2. 
The expression to be found for the probability that a velocity lies 
between the limits ? and R-+dR then becomes : 


2VYp—g’.er.erP(l+a,R’+ta,kt...)RdR,. . (9) 
where: 
ti 
a,=qg/2? + gs’/2! 0082 (p—P) + s'/(2N)?, 
a, = g’s?/2? + ge*/3! cos 2 (P—PB) + s°/(8!)?. 
For Falmouth, where as was noticed above q ean be put equal 
to nought these coefficients become simply : 


sen I /n!N? 
An — a 
I%) 


s=pDR,,P=pRer=2, pa I ih een 


and farther 


In practice it will frequently be only necessary to calculate a few 
of these coefficients; if we put: 
UVp=& 


the integration of (9) between the limits m and 0 leads to the 
expression : 


vI=eeexX \ 
2la, , 3! 
dee are 
P R H% 
EB Ya 
: r r 
p’mtepm? (2la 
Be TR ) 
As for m= w this expression must become equal to unity, we have: 
a 2la eik 
1 = I + . N eg, 
Bsp vi—#» 


or, for the case g=U, (11) becomes : 
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1— e-pm? 
pm?e—rm? 
I 1) 
2mte—pm? i 
"Ti — er — er) eic. 
i p 


from which is immediately evident that in many cases the three first 
terms are sufficient, so that then the caleulation of the coefficients 
can be entirely avoided, or at most only a, must be taken into 
account; for generally « is small, so that already 


1—er 


will be a small quantity. If q is not small the ealeulation becomes 
rather tedious. 


8. To find expressions for the quantities TV and 7°, the mean 
velocity and the mean square of the veloeity independent of the sign, 
we have to multiply (9) successively by R and AR? and to integrate 
between the limits © and O0 which, with the well known fundamental 
equation, leads to the expressions : 


er er hatt ) 
( pe 


— A 3a, 3.504, 3.9.7.0, 
4 aba 177 rt Gt ) : ıdis) 


vr —_ 24 we = 4.6a, 4.6.80, oh ) 
Sp! (2p)’ er a, 
—V1_re+ 


9. For the caleulation of the frequency of the directions independent 
of the veloeity we have first to integrate (5) with respect to Ä between 
the limits © and O and then with respect to # between the desired 
limits 4; the mean velocity as function of the direction is found by 
the application of the same operation to (5) after multiplication by 
R. It is then easy to give to a frequency-formula found in this way 
the form of a Fourier series. For brevity we treat here only the 
case that 9g—=0 and the angle-limits are = to 0. 

By putting 


A 2 
a lar, 
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we get (5) reduced to the form: 


o& 


’— 0? _, 22/v —y 2 
KPReN m “(e+3)% DS 


” R v 
— 


If g=0, so that the formulae (10) hold good, we then find for 
the desired frequencies in the two easterly quadrants 
RıV p sin a 
+ |? a aba, ET 


From this formula it is evident in what way and in what degree 
the asymmetry of the distribution is dependent of R,, a and p. 


10. The application of the given criteria has been made for 
Falmouth and the four seasons: 


Winter: December, January, February, number 8384, 


p = 0.00258, 4 = 0.00004 
R, = 9.22, 03228, 

Spring: March, April, May, number 8949, 

p = 0.00298, q = 0.000238 

a, e=2.0l, a = 250°25 
Summer; June, July, August, number 9229, 

p = 0.00485, g = 0.00029 

RR =m:60; a = 251°22' 

Autumn: September, October, November, number 9254, 
p = 0.00313, 9 = 0.00004 
R,=3.80, a — 239°16' 


For each series the number of observations is reduced to 10.000 
and everywhere we have put g=0, the caleulated values are 
accordingly accurate as far as the fourth decimal. 

In Table V we have compared the observed frequencies of wind- 
velocities independent of direction with those caleulated according 
to formula (12), from which it is evident that the differences have a, 
clearly systematie course. Just as is the case with all series of errors 
the number of the observed small velocities is larger than would agree 
with the normal distribution. The differences together amount in summer 
to about 10°/,, in winter to 15°/.. 


( 699 ) 


In the caleulation of tlıe frequeneies of ihe direetions independent of 
the velocity, the observations regarded as calms — and to these are 
reckoned in the English records all velocities less than 4 miles an 
hour — have been distributed ‚proportionally to the frequencies of 
direction; furtheron :the frequencies North and South are assigned 
for one half to the eastern and western quadrants. 

As is evident from the following table also in this comparison 
systematic differences appear; in all seasons the observed frequencies 
in the western quadrant are greater than the calculated ones, so that 
an increase of the constant part R, to which this uneven distribution 
can be attributed, would improve the correspondence. 


TABLE VI. 


Frequencies of winddireetions at Falmouth 
for 10.000 observations. 


Calculated | Difference 
E. quadr. 
Winter 
% 6291 5994 —+ 297 
E. quadr. 4037 4354 — 44 
Spring 
W > 5963 5649 + 214 
E. quadr. 2619 3009 — 390 
Summer 
“ 7381 6991 + 390 
E. quadr. 3453 3980 — 597 
Autumn 
W + 6547 6020 — 5927 
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TABLE V. Frequencies of windvelocities at Falmouth. 
For 10.000 observations. 


WEUN-TEIR SBERLNG SUMMER AUTUMN 
Miles anhour| | Observ. |Calculat.| Difference[Observ. |Calculat.| Difference| Observ. |Calculat.| Difference Observ. |Calculat.| Difference 

0-5 760 477 + 283 756 569 + 187 945 810 + 135 936 588 + 348 
45— 95 1871 1482 + 389 2073 1759 + 314 2610 2336 + 2974 2126 4779 + 377 
95—145 4853 2026 — 173 2120 2279 — 159 2538 2728 — 4190 2144 2304 — 160 
145—195 4701 2030 — 329 4875 2120 — 245 1868 2133 — 265 1818 2110 — 292 
495— 245 1466 1650 — 184 1355 1558 — 203 1164 1225 — 61 1281 1564 — 283 
245— 295 967 41125 — 158 917 939 — 122 544 5% + 10 792 920 — 128 
295—345 680 656 + 24 493 413 + % 224 178 + 4 459 464 — 5 
345395 369 341 | + 38 250 a | + 8) | +3 258 19... 8 
395— 445 199 144 + 55 114 712 + 42 20 9 + 1 116 66 + 50 
445—495 94 89 + 39 31 22 + 9 6 2 + 4 37 20 + 17 
495—545 32 8 | + 14 15 ae Be 0 = = 23 5- |, +48 
545595 8 a 4 De 1 _ Aue 410 45 17-409 
595 — — 1 — 1 — — — _ _ — —_ .— —_ 
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Chemistry. — “On the anisotropous liquid phases of the butyrie 
ester of dihydrocholesterol, and on the question as to the 
necessary presence of an ethylene double bond for the occur- 
rence of these phenomena”. By Dr. F. M. Jarger. (Communi- 
cated by Prof. A. P. N. FRANCHIMONT). 


(Communicated in the meeting of February 23, 1907). 


$ 1. In order to explain the behaviour of substances which are 
wont to exhibit double-refraeting liquid phases, some investigators 
have started the hypothesis that, in this kind of organic substances, 
it might be a question of systems formed of two components, and 
of equilibrium phenomena between tautomerie and isomeric modifica- 
tions, which would be converted into each other with finite veloeity. 

Although it is diffieult to understand how such a supposition, 
which is easy to propound, but very diffieult to prove, could explain 
the numerous well ascertained facts of the regular optical anisotropism 
of these phases, it might explain, however, at least to some extent, 
the peculiar irreversible transitions of phases, which I found more 
partieularly with the esters of cholesterol and a-phytosterol, and also 
the hindrance phenomena noticed on that occasion '). 

Such a supposition, however, is perhaps of some importance for 
the interpretation of the brilliant colour phenomena which acceompany 
the phase-transitions in the cholesterol esters. For a mixture, or an 
_ emulsion of substances, whose indices of refraction differ very little, 
but whose dispersions differ much, might, like CHRISTHIANSEN’sS Mono- 
chromes, cause a similar display of colours. 


$ 2. There is more than one cause for tautomerism (or isomerism) 
in the case of these cholesterol esters, for all the esters, as well as 
cholesterol itself, possess an asymmetric carbon atom, and in solution 
they all polarise to the left. 

Consequently, a racemisation during the esterification is by no 
means excluded, and we might, therefore, have a mixture of the 
optical antipodes. Cholesterol, moreover, possesses an ethylene double 
bond, so that we may also expect an isomerism in the sense of 
fumaric and maleice acids. 

$ 3. As many other compounds (in fact most organic substances 
which are wont to exhibit these phenomena of doubly refracting 


1) F. M. Jarser, These Proc. 1906 p. 472 and 483 (29 December). 
45* 
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liquid phases) possess such ethylene double bonds, one might indeed 
imagine that the presence thereof in the molecule is of great 
‚importance for the oceurrence of the said phenomena, if not the 
conditio sine qua non, as the structure of the azoxy-compounds is 
not yet firmly established and because it may be assumed that they 
contain, perhaps, similar double bonds between N and ©. 

Moreover, the cholesterol esters all contaim three liquid phases, so 
that this peculiar complication might perhaps also be connected with 
the possibility of very intricated isomerism-phenomena of those 
substances. 


$ 4. In order to answer these questions, I asked Prof. Dr. C. NEUBERG 
of Berlin to furnish ıne with a speeimen of his synthetie Dihydro- 
cholesterol, to which request this savant most willingly acceded. 

I wish to thank Prof. N£uBERG once more for his kindness. 

In this Dihydrocholesterol the ethylene double bond has disappeared 
owing to the addition of two atoms of hydrogen, and the malenoid 
and fumaroid isomerism is therefore, & priori excluded. 


$ 5. I have prepared from this alcohol the acetic and the normal 
butyrie esters, by means of the pure acid-anhydrides, and have 
examined the same as to their phase transitions. The acetie ester 
will be described elsewhere later on; here the butyrie ester only 
will be discussed. 

As a highly important result I may mention that the colour pheno- 
mena on melting and the occurrence of three liquid modifications in 
the normal butyrate remain unaltered as before, but that the irre- 
versibility of the phase-transitions is shown in a manner just the 
reverse as in the case of most of the cholesterol esters, e.g. the laurate. 

Whereas of the two doubly-refracting liquid phases of the last 
named substance, one is always passed over on cooling, whilst both 
are found on melting the solid substance, this is just the reverse 
in the case of the dihydrocholesterol-n-butyrate. 


6. The solid phase S consists of an aggregate of very thin, 
colourless, and clear transparent laminae in which the plane of polari- 
sation makes an obtuse angle with the sides of demarcation and 
exhibit in convergent polarised light a hyperbole with very strong 
colour dispersion e > v. 2 

On heating, this phase S passes into a doubly-refraeting liquid B, 
consisting of very small, feebly doubly-refracting individuals, which 
in turn passes at a higher temperature into the isotropous fusion Z. 
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Of colour phenomena during one of these transitions, absolutely 
nothing is noticed. 

If, however, we start from the phase /, and allow the same to: 
cool, we first notice the ”"doubly-refraeting phase 3, which on further 
cooling, amid violent sudden currents of the mass, passes into a 
much more strongly doubly-refracting liquid A, which on continued 
cooling cerystallises suddenly, also amid very violent eurrents, to an 
aggregate of tlat needles, glittering in vivid interference colours. These 
in turn, rapidly assume a spherolite structure so that the solid phase 
S itself appears to be also dimorphous und monotropous, as the flat 
needles are not reobtained on warming the spherolitice mass... The 
transformation of A into these needles, during cooling, is accompanied 
with the most vivid display of colours. Under the microscope these 
may be recognised by the dark-green colour of the background of 
the field of vision, with the naked eye, however, with ineident 
light, that colour-display commences with a brilliant violet gradually 
turning into blue and finally into a radiating green when the 
mass cerystallises. I have never noticed red or yellow colours with 
incident light. These phenomena return in the same order when the 
experiment is repeated. 

That the phase A really exhibits the behaviour of a stable phase 


R 


Fig. 1. 
Schematic p-t-diagram for Dihydro-cholesterol-n-butyrate. 
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is also shown by the faet that, the colour having become blue 
or green on cooling, turns agam violett on warming, so long as 
the solid phase S has not yet been attained. The phase is, therefore, 
realisable at a change of temperature in fo directions. 


$ 7. As I had but very little of the substance at my disposal, 
the thermometrie determinations could only be studied in capillary 
tubes with the aid of a magnifying glass. 

At 82.°1 the phase ‚S melts to a doubly-refracting phase B which 
becomes clear at 86.°4 and passes into Z. On cooling this isotropous 
fusion, it first passes properly into B at 86°.4, but at 84° into the 
more strongly doubly-refracting phase A, which may be undercooled 
many tens of degrees, and with retention of its violet colour, before 
passing into the solid phase S. - 

Want of material prevented my determining the true solidifying 
point of S by inoculation; I estimate it at about 80°. 

Thus the positive proof has been given that the remarkable colour 
phenomena accompanying the melting the cholesterol esters cannot be 
attributed to the presence of an ethylene double bound; also that 
an eveniual presence of fumaroid and maleinoid isomers cannot be 
considered as the cause of the oceurrence of the three liquids. 


Zaandam, 15 Febr. 1907. 


Chemistry. — “On the action of bases, ammonia and amines on 
s. trinitrophenyl-methylnitramine.” By Prof. P. van RoMBURGH 


and Dr. A. D. MAURENBRECHER. 


(Communicated in the meeting of February 23, 1907). 


s.-Trinitrophenyl-methylnitramine, as has been known for a long 
time, is decomposed at the ordinary temperature by ammonia in 
aleoholie solution, or on warming, by an aqueous solution of potas- 
siam hydroxide, or carbonate, in the first case with formation of 
pieramide, in the second (with evolution of monomethylamine) of 
pierie acid. One of us who formerly studied the reaction with bases 
concluded, from the oceurrence of the amine and the formation of 
nitrie acid which was also observed, that the methyInitramine which 
might be expected according to the equation : 
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GHANO,),. N-CH, $# KOH= (GH, (NO,),.ORK + HN CH, 
| 
NO, NO, 


might have become decomposed }). | 

From the reaction ‘of methylamine on tetranitrophenyl-methylnitra- 
mine and on trinitromethylamidomethylnitramidobenzene he after- 
wards conelnded ’) that, probably, there had been formed methyl- 
nitramine, meanwhile discovered by FrancHımont and KLoBBır °). 

The amount of amine formed by the decomposition of trinitro- 
phenyl-methylnitramine by alkalis is considerably smaller than might 
be expected from theory; the possibility, therefore, exists that the 
reaction proceeds indeed mainly in the above indicated sense. 

We have, therefore, taken up the problem again in the hope that 
by suitable modifications in the reaction, we might get at a process 
for the preparation of methylnitramine which would have the advan- 
tage of yielding this costly substance from a cheap, easily accessible 
material. We were not disappointed in our expectations. 

If trinitrophenyl-methylnitramine, which is the final product of the 
nitration of dimethylaniline and melts at 127°, is boiled with a 10°/, 
solution of potassium carbonate a brownish-red solution is obtained, 
which on cooling gives an abundant deposit of potassium picrate. 
If after filtration the liquid is acidified with sulphurie acid and again 
filtered off from the picrie acid precipitated and then agitated with 
ether, the latter yields on evaporation crystals, which after purifica- 
tion, melt at 38°, and are identical with methylnitramine, as was 
proved by comparing the compound with a specimen kindly presented 
to us by Prof. FrancHımont. The yield, however, was very small. 

If the finely powdered nitramine, m. p. 127°, is treated with 
20 °/, methylaleoholie anımonia this becomes intensely red, the mass 
gets warm and after a few Iours the reaction is complete, and a 
large amount of pieramide has formed which is removed by filtration. 
The alcoholie solution is distilled in vacuo, the residue treated with 
dilute sulphurie acid and, after removal of a yellowislı byeproduct by 
filtration, the liquid is agitated with ether. On evaporation of the 
ether, cıystals of methylnitramine were obtained. In this reaction 
also, the yield was not large, amounting to only 15 °/, of the theoretical 
quantity. With ethyl-aleoholie ammonia a similar result was obtained, 
whereas an experiment in which ammonia was passed into a solution 


!) Rec. d. Trav. chim. d. Pays-Bas, II. (1883) p. 115. 
2) Ib. VIII (1889) p. 281. 
3) Ib. VII (1888) p. 354. 
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of the nitramine in benzene gave results which were still less 
favonrable. 

One of us had noticed previously that among the aromatic amınes 
which generally react on an alcoholie solution of the nitramine 
quite as readily as on piery!' chloride, p-toluidine in particular gives 
a beautifully erystallised p-toluylpieramide m. p. 166° ') whilst the 
aleoholie solution contains only comparatively few, not very dark 
eoloured byeproducts. In an experiment in which 35 grams of the 
nitramine were heated on the waterbath with an equal weight of 
p-toluidine and 100 c.c. of 96 °/, alcohol, a fairly violent reaction set 
in after some time. The heating was continued for 5 hours and, 
after the pieramide derivative had been removed by filtration, the 
alcohol was distilled off and the residue extracted with dilute sulphurie 
acid. The liquid filtered off from the toluidine sulphate was shaken 
with ether. On evaporation of the ether a still yellow coloured liquid 
product was left which on being inoculated with a crystal of methyl- 
nitramine became crystalline and after having stood for some 
time over sulphurie acid weighed 7 grams. On pressing between 
filter paper light yellow cerystals were obtained which after being 
sublimed in vacuo (a treatment which methylnitramine stands very 
well) melted at 38°. On mixing the same with a preparation con- 
sisting of pure nitramine the melting point was not affected. 

p-Toluidine appears, therefore, to be a suitable means for readily 
procuring in a short time methylnitramine from s-trinitrophenyl- 
nitramine. 

We are continuing our investigations with different amines and 
also with other nitrated aromatie nitramines, and will state the 
results more elaborately in the “Recueil”. 


Org. Chem. Lab. of the University Utrecht. 


Physies. — “Wave-lengths of formerly observed emission and ab- 
sorption bands in the infra-red spectrum.’ By Prof. W. H. 
JuLius. 


If in the infra-red spectrum, as formed by means of a rock-salt 
prism, the positions of emission or absorption bands have been care- 
fully determined, the corresponding wave-lengths still are uncertain 
by an amount which, in a considerable part of the speetrum, is 
greater than the probable error of those determinations, because the 


!) We now obtained this substance in two modifications, one coloured dark red 
and the other orange. 
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dispersion curve of rock-salt is not yet knawn with sufficient exactness. 

Mr. W. J. H. Mown') has lately compared with each other the 
dispersion ceurves that have been ealeulated according to KETTELER’S 
formula with two sets of constants, one given by Rusens ?), the 
other by Laxeuey’). Laseuey’s results held for a temperature 
of 20°; the numbers given by Ruskns were corrected by Mr. MoL1 
so as to apply to tlıe same temperature. While coineiding in the 
visible speetrum, the two dispersion curves appeared to diverge very 
sensibly in the entire infra-red region, the wave-lengths correspond- 
ing to given indices of refraction being smaller with Rugexs’ than with 
LaneLey’s vonstants. At 2=1,5u e.g. the difference amounts to 
0,028 u; it increases unto 0,062 u (at 2= 3 u) and then decreases to 
0.032 u (at 2= 8,5 u). If, on the other hand, the indices of refrac- 
tion, which according to Laneury’s and according to Rugenxs’ formula 
belong to rays of given wave-lengths, be compared with each other, 
the difference appears to be rather constant between A=4u and 
= 8,3 u, namely 1,5 units of the 4!" decimal of the index, and to 
increase from 0 to 1.5 similar units in the region between 0.6 u 
and 4u. 

The apparatus, nowadays available for the investigation of the 
infra-red, admit of determining the position of sharp maxima or 
minima of radiation with an accuracy, going a good deal farther 
than 1,5 units of the 4" decimal of the index. 

When between 1887 and 1891 I iuvestigated several infra-red 
emission and absorption speetra, our knowledge of the dispersion of 
rock-salt was restrained to the outcome of LansLry’s first determi- 
nations *), which extended only as far as 5,3 u. As a great part of 
my work bore upon longer waves, I published my results in the 
form given by direct observation, viz, as galvanometer deflections 
and corresponding angles of minimum deviation, reduced to the 
temperature 10°. The refracting angle of the prism being also recorded, 
the indices of refraction of rock-salt for waves, corresponding to the 
observed maxima, were thus implicitly given. 

In order to obtain a rough estimate of the wave-lengths, I had 
extended LAnGLeY’s dispersion curve in a straight line, though under 
striet reservation. The wave-lengths as read on this. lengthened 


) W.J.H. Moıt, Onderzoek van ultra-roode spectra. Dissertation, Utrecht, 1907. 
2) H. Rusens, Wied. Ann. 60, 724; 61, 224; 1897. Cf. also Kayser, Handbuch 


der Spectroscopie I, 371, 1900. 
3) S. P. Lanezey, Ann, Astroph. Obs. of the Smiths. Inst. I, 1900. 


+) S. P. Lanerrv, Phil. Mag., Aug. 1886. 
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eurve, to which I myself assigned little weight '), have found their 
way to some text-books ?), where they unfortunately appear as the 
results of my investigation, with the ineidental remark that they are 
incorreet, as founded on a false extrapolation. lt is elear, however, 
that this incorreetness has nothing to do with the accuracy with 
which the position of the bands in the prismatic spectrum has been 
determined. Now I have reason to believe, that the speetrometric and 
heat-measuring apparatus used in that research were not less valid 
than those employed by many later observers of infra-red spectra 
(DonatH, PuccıanTı, IKLE, ÜOBLENTZ, NıcHoLs, RuBENs and ASCHKINASS 
and others), so that the results still retain their value as a first 
eontribution to our knowledge of the examined spectra. 

I therefore thought it suitable to republish the prineipal results 
obtained at that time °), but now to ınention the indices of refraction 
for the maxima of emission and absorption, as following directly 
from my observations, and to add te wave-lengths, as derived from 
the more recent dispersion curves of Rusexns and of LaneLkry. 

The positions in the infra-red were determined in my work with 
respect to the place of the D-lines of a Bunsen flame coloured with 
chloride of sodium. But the latter were too faint to be observed with 
the bolometer;, and the transition from the visual observation of the 
D-lines to the bolometrie observation of infra-red radiations caused 
an uncertainty in the determination of the relative positions, which 
was still increased through the necessity of displacing the bolometer 
along the optical axis of the rock-salt lens according to its different 
focus for visible and invisible rays. It was chiefly in the part of 


1) Gf. „Bolometrisch onderzoek van absorptie spectra”, Verhandelingen der Kon. 
Akad. v. W. te Amsterdam, Vol I, N’. 1, p. 8 (1892), or the German translation 
in: Verhandl. des Vereins zur Beförderung des Gewerbfleisses, 1893, p. 235, where 
I have clearly stated that I considered the extrapolation of LangLey’s dispersion 
curve as quite uncertain, and that in the. tables the direct data of observation 
(angles of minimum deviation) were given, because I did not like to have my 
results inseparably connected with a possible incorreetness of the dispersion curve. 
The passage in question seems not to have been noticed by W. W. CoBLentz, for 
in his excellent work *Investigations of Infra-red Spectra”, published by the 
Carnegie Inst. of Washington, 1905, he says on p. 135, after alluding to LAngLey’s 
extrapolation of the dispersion curve in a straight line: “Jurius, with apparently 
less hesitation, has applied (his extrapolation to his work”. 

?) Wınkermann, Handbuch der Physik; Kavser, Handbuch der Spectroscopie ; 
CGuworson, Lehrbuch der Physik. 

3) Recherches bolometriques dans le spectre infra-rouge. Arch. neerl. 22, p. 
310— 383 (1888). 

Die Licht- und Wärmestrahlung verbrannter Gase, Berlin, Simion. 1890. 

Bolometrisclh onderzoek van absorptiespectra, 1. c. 
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the investigation, deseribed on p. 69 of “Die Licht und Wärme- 
strahlung verbrannter Gase” that many pains were taken to, reduce 
this source of error. There the CO,-maximum of the Bussen fHame 
was found at minimum deviation 38°54'20", the refracting angle ot 
the prism being 59°53'20" and the temperature 10°. From this 
follows n = 1,52103. Had the temperature been 20°, then the devia- 
tion would have been found smaller by 1'50", giving for the index 
of refraction: nr = 1.352069. 

If we suppose this value to be exact, then the angles of minimum 
deviation given in my first paper in Arch. neerl. 22, and on pages 
47—68 of “Die Licht- und Wärmestrahlung” are too small by 
nearly 3, owing to an instrumental error. In “Bolometrisch onder- 
zoek van absorptiespectra” the deviation of the CO,-maximum has 
been found 38°52'40" instead of 38°54'20"; 1’ of this difference 
results from the fact that the refracting angle of the prism, then in 
use, was smaller than that of the other one by 1’; only the 
remaining 40" were owing to an instrumental error. 

I have now applied the corrections resulting from this re-exami- 
nation, and calculated the indices of refraction for 20°, the tempe- 
rature to which the dispersion curves as compared by Mr. Mor 
also refer. In finding the wave-lengths corresponding to the indices, 
advantage has been taken of elaborate tables, prepared by Dr. Morr, 
for a research of his own, and which he was kind enough to put 
at my disposal. 
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a 


Bunsen-flame 


Flameofcarbonmonoxyde 


Hydrogen flane . . . - 


Luminous gasflame. . 


Hydrog. burning in chlor. 


Flame of sulfur . . . 


Flame of carb. disulphide 


C (diamond) 


0% Indices of refraction|Wave-lengths according to 
Emission-spectrum a the dispersion curve Intensity !) 
of: (Temp. 20 ) of RUBENS | of LANGLEY 
ee 1.5268 1.905 1.953 0.5 
1.5247  HsO 2 Ton] 2,59 3—5 
1.520069 CO; 4.410 4.462 40 
1.52445 CO 2.883 2.947 1 
or of cyanogen 1.52069 CO, 4.410 4.462 10 
15247. H,O 2:77 2.83 10 
1.5176 5.4 5.46 2 
1.5270 G 1.84 1.89 2) 
1.5247 _ H,O 2.77 2.83 2) 
1.5207 CO; 4.441 4.46 2) 
1,926, HCl 3.68 3.74 
1.5093 SO; 7.49 7.52 
1.5247 211 2.83 1 
1.5207 CO; 4.44 4.46 10 
1.5125 COS(?) 6.76 6.80 3—0 3) 
1.5093 SO, 7.49 7.52 23 9 
Absorption-spectrum 
of: 
PER 1.5238 3.18 3.24 
| 1.5202 4.58 4.63 
1.5183 5.20 5.25 | 2 
1.5088 etc. 3) 7.59 7.62 40 
Er ER IR, 1.5287 1.4 1.43 4 
1.5265 2.4 2.06 4 
1.5236 3.25 3.31 9s 
1.5194 4.85 4.90 
1.5146 6.24 6.28 


1) In each spectrum the intensity of the highest maximum is indicated by 10. 
The letter s following an intensity figure means, that the band is rather sharp. 

?) The relative intensity of these bands varies much with the place in the flame. 

3) The addition “etc.” behind an index of refraction indicates, that the band marks 
the beginning of an extensive region of strong absorption. 
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Absorption-spectrum Indices ofrefraction Men ghts according to 
en arma e dispersion curve 
T (Temp. 20°) --| of RUBENS |of LANGLEY 
Te 1.5203 4.55 4.60 
1.5129 6.67 6.71 
See re, Fu 1.5219 3.96 4.02 
1.5163 5.78 5.82 
1.5090 7.55 7.58 
1.5049 8.36 8.39 
1.5020 8.90 8.98 
1.4992 9.4 9.44 
1.4942 10.28 10.31 
BelsfN.c st. 1.5221 3.88 3.04 
1.5082 171.72 7.75 
1.5030 8.73 8.76 
1.4944 10 25 10 28 
Sul she ssre.r 4 ‚5172 5.93 5.57 
1.5154 6.03 6.07 
1.5058 .19 8.22 
1.5014 9.02 9.05 
1.4974 9.73 9.76 
SEE ash: 2.0, 1.5234 3.34 3.40 
4.5173 5.50 5.54 
1.5058 8.19 8.22 
1.5014 9.02 9.05 
1.4974 9.73 9.76 
ECh7: 9% ER 5 1.537 6.47 6.51 
1.5058 8.19 8.22 
1.4942 10.28 10.31 
CHCI,. u. 1.5234 3.34 3.40 
1.5131 6.62 6.66 
1.5145 6.99 7.03 
1.5058 8.19 8.22 
1.4980 9,62 9.65 


Intensity 
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Absorptia Indices a BRCEER to 
for the maxima ntensity 
of: (Temp. 20°) of RUBENS | of LANGLEY 
CHIBrS BE oe 105233 | 3.30 3.36 3.28 
1.5207 4.0 - 4.45 3. 
1.5164 5.70 5.80 4 Ss 
1 5116 6.97 70 3 
1.5083 8.19 8.22 76 
1.5024 8.83 8.86 10 
1.4992 9.4 9.41 6 
CALNE 1.5259 2.5 2.31 1 
1.5236 33 3.31 4 Ss 
1.5211 4.26 4.31 1 
41.5173 5.50 5.54 6 s 
1.5128 6 69 6.73 1075 
1.5107 11 1.21 ss 
1.5088 7.59 7.62 4 
1.5060 8.15 8.18 2 
1.5039 | 8.56 8.59 7 
(Has Da 1.5259 2.3 2.31 2 
1.5230 3.51 3.91 YuE\ 
1.5154 6.03 6.07 
1.5118 6.93 6.96 10 s}) 
1.5097 7.40 7.43 6 
1.5068 1.99 8.02 4 
1 5032 8.69 8.72 6 s 
1.4980 9.63 9.66 5 
1.4942 10.28 410.31 5 
CH,OHESE Eee 1.5259 2.5 23.31 4 
1.5229 3.56 3.62 10 
1.5194 4 85 4.90 2 
1.5145 etc. 6.27 6.31 10 
CH,OH: A, 1.5259 2. 2.31 1 
1 5229 356° | 3.8 10 
1.5183 5% 5.3 s 
1.5154 6.03 6.07 
1.5126 etc, 6.74 6.78 40 


!) Sharply limited only toward the smaller wave-lengths. 
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Absorption-spectrum Indices of refration Wave-lngths according to 
for the maxima PSIORZENITE Intensity 
ei | (Temp. 20°) -- | of RUBENS | of LANGLEY 
BC. a 1.5230 3.51 3.57 10 
1.5152 6.09 6.13 3 
1.5126 etc. 6.74 6.78 10 
C/H,OH: (normal)... „— 1.5230 | 3m37 10 
1.5162 Hat 5.85 3 
1.5126 etc, 6.74 6.78 10 
C,H,OH (iso)... . . . 1.5230 3.51 3 57 10 
1.5192 4.92 4.97 1 
1.5154 6.03 6.07 2 
1.5126 etc. 6 74 6.78 10 
BEKOHS a 1.5230 3.7 3.57 10 
1.5192 ER Se Rey) 4 
1.5154 6.03 | 6.07 3 
1.5126 etc. 6.74 | 6.78 10 
I 
os zes 1.5327 0.955 | 0.98 1 
1.5293 1,30 1.32 1 
1.5259 2.25 2.31 2 
1.5230 3.51 3.57 85 
1.5183 5.20 31,245) 35 
1.5164 5.76 5.80 4 
1.5116 6.97 7.0 10 
1.5099 7.35 7.39 4 
1.5078 7.80 71.83 4 Ss 
4.5045 etc, 8.44 8.47 10 
GHESHA SS. 1.5256 2.38 2.44 1 
| 1.9230 3.01 3.57 5 
11.5221 . 3.88 3.94 3 
4.5183 5.20 5.25 1 
4.5162 5.81 5.85 1 
1.5115 6.99 7.03 10 
1.5074 7.88 7201 10 
1.5001 9.25 9.28 


1.4936 10.39 10.42 
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Physics. — “A hypothesis relating to the origin of RÖNTGEN-rays. 
By Prof. C. H. Wınp. 


W. Wırx') has measured the energy of RönTGEn-rays, converted 
into heat in a bolometer or in a thermo-element, and has compared it 
with that of the cathode-rays, likewise converted — with exception 
of the small fraction transformed in energy of. R.-rays — into heat 
in the anti-cathode. He finds for the proportion of the total quantities 
of energy of the two kinds of rays 

ei 2,18 . 10-3 °). 
Er 

Supposing that the R.-rays are the radiation of energy, emitted 
by cathode-ray electrons being brought to rest, and that this stoppage 
may be considered as a continually deereasing motion, he proceeds 
with the aid of the theory of M. Apranam to deduce the duration 
of the stoppage and from it the thieckness of the R-waves. For the 
latter he finds 

sel Tor, 1-7. 

Results of the same order of magnitude have afterwards been 
attained by Epna CARTER?) in an investigation, also made at the 
laboratory directed by Wien. 

These results do not very well agree with the values, derived by 
Hasa and myself for the wave-length of R.-rays from diffraction- 
experiments: 

2 = 270 to 12 . 19-10cm °) 
and 
2=160 , 120 , 50 . 10-10 em. ®) 

lf the R.-rays have to be considered as disturbances in ether ofthe 

single pulse character assumed by WıEn in accordance with the 


3.7 
current conception, the same numbers must be divided by 1, 8 
2 
2} °) in order to represent the corresponding values of the thiekness 
of the pulse-waves, which consequently become 
B=11076 1.5. 10210 em, 
P,= 64, 48, 20 . 10-10 cm. 


) W. Wien. Würwners Festschrift, Leipzig, 1905; Ann. d. Ph. 18, p. 991, 1905. 

%) L. c. p. 996. The number is doubled here, on account of the remark made 
regarding it on page 1000. 

3) E. CARTER. Ann. d. Ph. 21, p. 955, 1906. 

#) H. Haca and C. H. Wınp. These Proe. I. p. 426. 

5) Id. Ibid. V. p. 254. 

) CH. Winp. Physik. Zschr. 2, p- 96. Fussnote 2), 1901. 
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Wıen’s experiments would have led to results more in keeping 
with the diffraetion experiments, if the values found for the energy 
of the R.-rays had been 20 to 100 times smaller. The difference is 
too great to ascribe it to errors of observation. We must rather 
think of fundamental. errors in the method of observation or of a 
viciousness in our conceptions concerning the mechanism of the 
phenomena. 

As for the method of observation Wırn himself pointed out!) 
the possibility that the quantity of heat, generated in the bolometer 
or in the thermo-element, should not be to its full amount eonverted 
energy of R.-rays, but partly also — perhaps even for the greater 
part — converted atom-energy, liberated by a, say, catalytie action 
of the R.-rays. 

J. D. v. Do. Waaıs Jr.?) suggests the additional idea that the 
electrons are not generally stopped at once by a simple uniform 
decrease of velocity, but will mostly, by their interaeting with the 
particles of the anti-cathode, before being brought to rest move for 
some time amidst the latter in rapidly changing directions with great 
velocities, sending out a new R.-pulse at every change of motion. 
Starting from this idea we could, indeed, expect from each electron 
a much greater contribution to the energy of radiation than in 
the theory accepted by Wırn and find the results of WıEn’s energy- 
measurements in better agreement with those of the diffraction- 
experiments. 

Nevertheless it seems to me that by the side of this another idea 
deserves our attention, which might be more in keeping with the 
properties of cathode-rays as far as known. It would be this, that 
not simply the cathode-ray electrons, but in combination with these 
the atoms of the anti-cathode are the principal centres of emission 
of R.-rays. 

It should be imagined, that the electrons, arriving at the anticathode 
with their immense velocities, are not, generally, thrown into an other 
direction by the atoms, but will for the greater part pass straight through 
them, and even, in doing so, will mostly not suffer any persisting 
decrease of velocity. This idea is by no means a new one. It has 
been worked out by Lenxarn ’°’), who sees in it the best explanation 
for the laws of absorption of the cathode-rays. In very few cases only 
it will happen that an electron, when piereing an atom, gets imprisoned 


) W. Wırn. Drudes Ann. d. Ph. 18, p. 1005, 1905; cf. also E. Carter. Ann. 
d. Ph. 21, p. 957, 1906. 5 

2 J. D. v. o. Wanrs JR. Ann. d. Ph. 22. p. 603. 1907. 

3) P. Lenarp. Drudes Ann. d. Ph. 12, p. 734, 1903. R 


Proceedings Royal Acad, Amsterdam. Vol, IX. 
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or changes its direetion considerably ') in a centre of exceedingly 
strong eleetromagnetie action; in the great majority of cases it will, 
by the abundance of vacant space in the interior of the atom ?), fly 
across it without experieneing a considerable decrease of velocity. 
In this way the greater part of the electrons will pierce thousands 
or tens of thousands of atoms before being stopped, and we find 
easily explained the great penetrating power of tlıe cathode-rays, 
which may still in appreciable quantity pass through a layer of 
aluminium 10 #°) thick or a layer of atmospheric air, some cm thick *). 
If we consider the values given by the diffraction-experiments 
for the order of magnitude of the thickness of R.-waves as correcy, 
it follows from Wiırn’s experiments — apart from a possible 
catalytie action of the R.-rays — that the radiation of the cathode-ray 
corpuscles, by the simple fact of their stoppage, could account only for 
something like . or — of the whole energy of the R.-rays. Conse- 
quently for by far the greater part this energy must, if LENARD’s 
views may be accepted, have a different origin. What this can be, 
is obvious. The atoms namely will by no means remain undisturbed 
during the sudden passage of an electron. Themselves probably con- 
sisting of negative and positive corpuscles, they will see their electro- 
magnetic fields during the passage altogether altered and at the same 
time will no doubt send out a pulse or wave of disturbance °) into 
the surrounding ether. About the character or shape of these pulses, 
which moreover may vary from oue case to an other, we can, 
without making any more definite assumptions as to the structnre 
of the atom, say little; but there is one important point, in which 
all these pulses will be to a certain degree similar, viz. their duration. 


') Together with the expulsion of electrons originally belonging to the atom, 
which will often occur at the same time, these changes of direction could very 
well account for the diffusion of the cathode-rays according to Lexarn. 

?) Lenarp caleulates (Drudes Ann. d. Ph. 12, p. 739, 1903) that only 10—9 of 
the volume of an atom is occupied by the “dynamids”, of which he considers it 
to consist. 

3) Lenarp. Wied. Ann. 51, p. 233, 1894. 

+).14.,' Ihid.,’p. 25% 

5) LENARD expresses himself (“Ueber Kathodenstrahlen”, Nobel-vorlesung, p. 37, 
Leipzig 1906) as follows: “Das durchquerende Strahlenquant”” — the eleetron — 
“wird vermöge der abstossenden Kräfte, welche es auf die anderen, dem Atom 
eigenen, negativen Quanten ausübt, eine gewaltige Störung innerhalb des Atoms 
hervorbringen können”, and then continues thus: “und als Folge dieser Störung 
kann ein dem Atom gehöriges Quant aus ihm hinausgeschleudert werden (sekundäre 
Kathodenstrahlung)”; but he does not speak of a radiation emitted by the atom. 


E Pen) 


The latter will be, if @ represents the diameter of an atom and 
v the veloeity of the electron, which is piereing it, something like 


a 
(rather smaller than) —, eausing the wave emitted to be of a thick- 
® 


ness of something like (rather smaller than) c ar c being the velo- 
® 
eity of light in ether. By putting «= 10-8 and v» = 10!%, we get 
by this way for c “ 3.108, a number which only slightly exceeds 
Ü 


the order of magnitude of the values of £ (p. 714), derived from 
diffraction experiments. It might therefore be possible, that the 
waves of disturbance in question should be identical with the Rönt- 
gen rays. 

As by this theory a single electron would disturb some thousands 
or tens of thousands of atoms, every atom, being traversed by an 


1 
electron, need only send out something like er of the quantity of 


energy emitted by an eleetron itself in its total stoppage, in order 
to account for the relatively large amount of energy found by Wırn 
in the R-rays. That such proportions should exist, seems to me 
not impossible at all. 

The views presented here as to the origin of the R.-rays bestow 
a new and great importance on the “warve-length’” of these rays, 
as they intimately connect this measurable quantity with the 
dimensions of the atoms. Whether there really exists such a close 
connection, could perhaps be experimentally put to the test by 
diffraction experiments with anticathodes made from different materials. 
More generally it might be expected that experiments of this kind 
would throw some new light upon the structure of atoms, and also 
of molecules or molecule aggregates. In such experiments it would 
certainly have a peculiar interest to use crystals as anticathodes, as 
perhaps the regular structure of these bodies could manifest itself 
both in ratlıer sharply defined wave-lengths of the R.-rays emitted 
by them as in a polarisation of these rays. 

The question, whether R.-rays should or should not be expected 
to show total or partial polarisation, may be treated on the basis 
of the above hypothesis, as soon as this be supplemented by definite 
suppositions about the structure of the atom. 

The relation that, according to our views, should have to exist 
between the wave-length of R.-rays and the veloeity of the cathode- 
rays, is of course liable to rather direct experimental verification. 

49* 
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Two further questions connected with those views and perhaps 
liable also to be answered by way of experiment, are these: 

1. whether the air molecules on the outside of the aluminium 
window of Lkxarp emit R.-rays in appreciable quantity; 

2. whether the y-rays of a radio-active substance, except by the 
substance itself, are to a considerable extent emitted also by the 
atoms of air in its neighbourhood on their being pierced by the 
electrons constituting the P-rays. 


Physics. — “On the motion of a metal wire through.a piece of ice.” 
By Dr. J. H. Mrergure. (Communicated by Prof. H. A. LorENTz). 


(Communicated in the meeting of January 26, 1907). 


During the last and the preceding winter I made some measurements 
with a purpose of testing the formulae, expressing the veloeity 
of descent of a metal wire through a block of ice, which Mr. L.S. 
Örnstein had derived from the theory of regelation '). 


In my experiments the metal wire was fastened at both ends to 


!) L. S. Ornstein. These Proc. VII, p. 653. 
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the legs A and D of an iron frame, which, in order to secure 
greater rigidity, had been cut from an iron plate. In the first measure- 
ments the downward displacements of the wire were observed by 
means of a small reading telescope, turning round a horizontal and 
a vertical axis, and were determined on a measuring rod, mounted 
at the side of the frame. The breadth of the ice-block was also read 
on a horizontal measuring rod. In the later experiments a catheto- 
meter was used, placed at my disposal by the professors of the 
Technical University at Delft. 1 wish to express here my sincere 
thanks to these gentlemen, especially to Prof. pr Haas. The fall of 
the wire was always derived from the change in the difference of 
level between the top of the wire and the upper edge of a small 
bubble, existing somewhere in the interior of the ice. Every ten 
minutes or, when the descent was quicker, every five minutes, the 
difference of level was measured in order to ascertain whether the 
fall was regular. Each experiment lasted 20 to 40 minutes. 

The ice used was artificial commercial ice. From a larger block 
a clear smaller one was sawn out, in which some bubbles should be 
present to serve as marks. The faces were melted flat by pressing 
them against a metal plate, so that errors, caused by irregular 
refraetion, were avoided. 

Heat conduction along the wire was prevented by hanging small 
pieces of ice on the wire on both sides of the block. Still small 
grooves were occasionally formed when the descent was slow. 

The experiments were made with wires of steel, german silver 
and silver. The thickness of the wires was measured by means of 
caliber compasses, giving results accurate to 0.01 mm. The thickness 
was 0.5, 0.4 and 0.3 mm. Deviations from these numbers, amount- 
ing to some hundredths of a millimetre, were occasionally found. 

For the case, realised in my experiments, in which the two straight 
ends of the wire make a certain angle 2« with each other, formula 
(IIla) of Mr. Ornstein’s paper‘) holds: 


2aCP 
Be 


d, sin a 


() 


in which » represents the veloeity of descent of the wire, P the 
total weight and d the breadth of the ice-block. C is a constant. 
The value of this constant I calceulated by formula (1) from the 
values of v, found in my experiments. 

The results are summarised in the following table: 


ı) l.c. 
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‚Steel wire. Diameter 0.5 mM. 
P E average of (). 
(in grammes). 
455 0.0162 
755 0.0151 
1955 0.0172 | 
2160 0.0185 tu 
2205 0.0169 
5160 0.019 
diameter 0.4 mM. 
455 0.030 
755 0.029 | 0.029 
1255 0.029 
diameter 0.3 mM. 
159 0.043 
1255 0.042 | O.0ARS 
German silver. diameter 0.5 mM. 
755 0.0134 
1255 0.0119 
9150 0.0143 RO 
5160 0.0172 
diameter 0.4 mM. 
199 0.0196 
1255 0.0204 
2150 0.0208 | ka 
5160 0.0255 
diameter 0.3 mM. 
555 0.0306 
755 0.0348 | 0.035 
855 0.0393 
Silver wire. diameter 0.5 mM. 
155 0.0207 y 
1255 0.0255 | a 
diameter 0.4 mM. 
536 0.0367 
755 0.0384 
1036 0.0392 | AIR 
1255 0.0404 
diameter 0.3 mM. 
599 0.0347 
| 0.041 


755 0.0467 
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The quantity C is not expressed here in ©.6.8. units, since the 
dimensions have been taken in millimetres, the veloeities in milli- 
metres per minute and the forces in grammes. In order to reduce 
them to 0.G.S. units, the value of (has to be multiplied by 170 X 10°. 

The values given in the table are averages of several measurements. 
In order to show the deviations of different measurements, made with 
the same weight, I give here an arbitrarily chosen set of separate 
measurements. 


German silver wire, diameter 0.4 mm. 
Number of the 


experiment P v d, 2a C averages. 
8 1036 1.017 39.0 42° 0.0368 
10 1036 1.11 374 42° 0.0393 0.0399 
14 1036 1.27 354 37 0.0411 
1% 1036 1.73 29.3” 30° :0.0393 
87 1255 0.99 52.3 50° 0.0401 | 
112 1255 1.09 51.27 53° 0.043 0.0404 
115 1255 0.756 66.46 53° 0.0387 


The value of C is caleulated by Mr. Orxstein in formula (I) of 


his paper. He finds 
ee 
(5) 1% 1 IR( 1 k,) n2 | 
dp 0 k, + d/R (k, Fi, k,) 2) 
x RWS; lie 


Here k,, k, and k, are the coefficients of heat conductivity respec- 


(=— 


dt 
tively of the wire, of water and the ice, (5) is the rise of the 
0 


melting temperature by pressure, measured at the melting tempera- 
ture, W is the latent heat of melting ice, S; the specifie gravity of 
ice, R the radius of the wire and d the thickness of the layer of 
water. Now the value of Ü' cannot be calculated by this formula, 
sinee the quantity d is unknown. But besides the equation (I) 
Mr. Ornstein gives in his formula (II°) an expression, found by a 
hydrodynamical reasoning, in which the quantity d likewise occurs. 


This relation is’): 
2aP 
ae RN, 
Ss 12x ud, su sin a 


Su. 
) In Mr. Ornstemn’s paper this formula is given without the factor S since 


[ 
this latter has no perceptible influence. 
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Here S,, is the specifie gravity of water at 0°, gu the viSCOSIty 
eoeffieient. By equalising (1) and (3) we find: 
Sıw 1 EN: 

RT ‚m 6G) TER 


d 
and we should now have to eliminate 7, between (2) and (4). In order 
to perform this elimination we simplify (2). We consider the form 
d 
in (2) between the brackets [| | and keep in mind that R is very 


small, that k, is very much greater than 4, and that k, may be 
neglected with respect to the first term (which amounts to neglecting 
the eonduction of heat through the ice). 

We may then write: 


MGRUBT A) „DR In BB 
th h) Arne 


& k, 
d 
ER + fan 


U — — 2 22 
ax R’ WS; 


1 


1.320123 
+ d/R L, 
Then we have 


If we put 
dt £ 
es — — 74X 10778 —=09167, 7M 742, 


U becomes 


C=33%xX 10-1 Rn 


In (4) we substitute 
&=1, 80.9167, u = 0.0181, 


AN? 
0= 1.600 (7) Si rerig Rue 


Equalising the two values of (' we have: 


Ge Br BL 
Pubs I = R: dk 


or 2 


ON» ANY. k, k 
—— ee a abe 1 
(3) + (7) 20x 10-0 


then 


From this equation 


d 
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a easily be found by a tentative method, 


when %, k, and R are given. In the different cases we find (in 


CGS-units), 


d 
Steel wire LE 0:00 Re 0.025 5 0.0166 
k—=0.166 k,=0.0015 R= 0.020 = 0.00190 
R 
d 
kr 0.166 %,=0.0015 R=0.015 —= 0.00229 
R 
d 
German silver wire k, =—0 070 k,=0.0015 R=0.025 5 0.00128 
d 
k, =0.070 %,=0.0015 R= 0.020 —ı 0.00149 
d 
k, =0.070 k,—=0.0015 R= 0.015 N 0.00179 
d 
Silver wire k,=1.50. k= 0.0015 R=0.025 37 0.00239 
d 
k,=150 %,=0.0015 R= 0.020 ae 0.00279 
d 
el 50 0,0015, 9.015 0.00318 


C' is then found by substitution in (5). These values are given 
below, together with the values found by experiment, but now 
expressed in CGS-units. 


Calculated Found 
Steel wire R = 0.025 a ll 29 x 10-10 
NV 110% 1010 49 x 10-10 
7 =.1.045 192 310730 021.019 
German silver wire R = 0.025 34 x 10-10 24 X 10-10 
R== (0,020 b3 x 101% 37% 10-10 
R= 0.015 91 x 10-10 59 x 10-10 
Silver wire R = 0.025 aa x 10e2 46 x 10-10 
R = 0.020 371% 1010 66 x 10-10 
R=— 0.015 SUR 10 210 32910=19 


The agreement must be called bad for the silver wire, satisfactory 
for the german silver wire. It may be called satisfactory, since 
different eireumstances may be mentioned which make us expect a 
too small value. Leaving aside the great uncertainty in the values of 
the heat conduetivities of metals, to which we cannot here ascribe 
the bad agreement, since we do not know in which direction this 
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will influence the result’), the following causes may be mentioned. 
1. The roughness of the wires. Already Mr. Orxsteın pointed 
this out. If the wire is not entirely smooth, the hydrodynamical 
deductions are uncertain and hence also formula (3). In order to 
ascertain the influence of this roughness I made some experiments 
with a steel wire that had for a moment been scoured with fine 
sand-paper in the direction of its length. Maeroscopically no result 
of this manipulation could be discovered on the wire. Yet the effect 
proved considerable, for the following results were found: 
F Ü 
455 0,009 


steel wire, diameter 0,5 m.M. | 1255 0,011 ‚average 0.011 m.M. 


2205 0,014 \ 
steel wire, diameter 0,3 m.M. 1255 0,028 


So we find a diminution of about 40 °/, in the value of (©. After 
having observed this influence I tried to obtain smooth wires, but 
unsuccessfully ; all the wires that were used in the experiments showed 
under the microscope numberless grooves in the direction of their 
length and of a breadth that might be estimated at somewhat less 
than 0.01 mm. 


5 Ale, . d 
Since it is easily deduced from the calenlated values of 7 that 


the thickness of the layer of water increases with the size of the 
radius of the wire and since the influence of the roughness of the 
wire will be smaller with a greater thickness of this layer of water, 
I have still made some measurements with a thicker steel wire of 
0,87 mm. diameter and heavier weights. The result was: 
R ÜC C (in C.G.S. units) 
25200 0,00803 | 


25200 0,00822 
5200 0,00667 11.3 x 10-10 
while caleulation gives 


0,0081 13.8 X 10-10 


d 
k,—=0,166, %,=0,0015, R= 0,0435 a 00120 C=27.7%x 10-10 


The agreement is now better indeed; the value found is half the 
caleulated one, while with the thinner steel wires it was slightly 
more than a third. 


!) The values given by F. KontrauscH (Lehrbuch der praktischen Physik 10 
Auflage 1905), steel k=0.06 to 0.12 and silver k=1.01, would give a much 
better agreement. 


Si 
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9. In the deduetion ‘of formula (1) it was assumed that within 
the laver of water the relation 


0° 0% _ 
Sa 


holds. This relation, however, holds for a body at rest. Here, on 
the other hand, we have to deal with a streaming liquid, in which 
case the following formula holds: 


De AO ot 
— —- —-— [u — +0 |]. 
da?  Oy? k, ( 0% N 

Here o is the specific heat of the liquid, u and » the velocity 
components in the X- and Y-directions. If we use this formula we 
take into account that the heat, conducted through the wire, does 
not entirely serve for melting the ice, but that it is partly conveyed 
upwards again by the streaming liquid. This also must result in 
a diminution of the velocity of descent. Prof. Lorentz informed me, 
however, that it can be shown that this influence must be regarded 
as a quantity of the second order, so that the differences cannot be 
explained in this way. 

3. If the temperature in the interior of the block of ice is not 
exactly 0°, but lower, the velocity of descent will also become 
smaller. But I observed no phenomena which point to a lower 
temperature in the interior. Blocks of ice that had been kept for 
94 hours in a space above 0° gave the same results as blocks that 
had just been received. Moreover the wires as a rule went down, 
at a distance of only a few millimetres from one of the faces of 
the block, and in some experiments they even came out of the block 
by melting of that face. Yet in the last moment, before the wire 
came out, no acceleration of the deseent was observed. 

Nor does theory support such an explanation. Prof. LOoRENTZ 
informed me that when the surface of a ball of ice of 3 centimeters 
diameter and at a temperature of — 2°, is raised. to 0° and kept at 
this temperature, it may be shown that in less than an hour the 
temperature at the centre has risen to — 0.01°. 

4. Another important influence on the velocity of descent is found 
in the fact that it is possible that not all the ice, melting at the 
lower side of the wire, freezes again exactly at the upper side, but 
that this water perhaps flows off laterally. It is clear that this must 
have a great influence since then the heat, necessary for the melting, 
is furnished by econduction through the ice. Already J. Tuomson 
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Borromter ') showed that the lateral flow of water causes a great 
retardation. 

The experiments now showed that this lateral flow really exists. 
For even when the ice was perfectly clear, in the places where the 
wire had passed through it various small bubbles were observed. 
Consequently not all the ice had been re-formed which had been there. 

In this respect I also mention a curious-change, found in the 
values of (': these values rise with the weight. This is very con- 
spicuous with the silver and german silver wires, but also with the 
steel wires it exists, especially with the thick one of 0.87 mm. 

Accordingly it was often seen that the bubbles on the path of 
the wire were more numerous with small than with heavy weights. 
This became particularly clear in experiments in which, during one 
descent, first a heavy and then a small weight was used, With the 
smaller weight more water flows off laterally. 

I still made several experiments in which the wire was pulled 
upwards through the ice, hoping to prevent this lateral flow. The 
result was not the expected one, for bubbles also appeared and the 
values, found for C, were even somewhat smaller than in the former 
case. In regard to this question it would be desirable to investigate 
the descent of a whole body, e.g. of an iron ball, through perfectly 
clear ice. 

In my opinion this lateral flow is the chief reason why theory 
and observation disagree. It also explains why with the silver wires: 
larger differences were found than with the german silver and the 
steel wires. For if the heat is only partly furnished by the freezing 
process above the wire and if the rest has to be furnished by con- 
duction through the ice, it seems to be of little consequence whether 
the wire be a good conductor of heat. 

9. Ice is a crystalline substance. This also may have its effect. 
Perhaps the melting point is not the same at the different faces of 
the erystals which the wire touches. Though this influence may exist, 
we cannot say in which direction it would modify the result. 

In order to find out whether such an influence makes itself felt, 
I made the wire pass several times through the same block of ice 
in three mutually perpendicular direetions. But no perceptible diffe- 
rence was found. 

As the general result of the experiments I think we may state, 
that they indicate that the regelation theory will be found capable 
of explaining the phenomena not only qualitatively but also quanti- 
tatively. 


\)‚Pogg. Ann. 148, p. 492, 1871. 
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Physies. — “Contribution to the theory of binary mixtures, 11”, by 
Prof. J. D. van DER Waars. (Continued, see p. 621). 


Not to suspend too long the description of the course of the g-lines 


in the case that the locus 


v —( exists, we shall postpone the deter- 


de? 


mination of the temperature at which this locus has disappeared, 
and the inquiry into the value of x and v for the point at which 


it disappears — and proceed to indicate the modification in the 
course of the g-lines which is the consequence of its existence. 
dw 
dv Rats 5, k 
From the value of — = — —— follows that when a gq-line 
divg d’üy 
dadv 


2 


da’w a B 
— —0, it has a direction parallel to the 
L 


passes through the curve 


Fig. 3. 
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| . dw 

x-axis in such a point of intersection. So a g-line meeting Er eo 
will be twice directed parallel to the -axis, and have a shape as 
a a 
dedv \de % 
does not oceur. Such a shape may, therefore, be found for the g-lines, 
in the case that the second component has a higher value of b, and 
lower value of 7; —, and such a shape will certainly present itself 
in the case mentioned when the temperature is low enough. 

Then there is a group of g-lines, for which maximum volume, 
and minimum volume is found. The outmost line on one side of 
this group of g-lines, viz. that for which g possesses the highest 
value, is that for which maximum and minimum volume have coincided, 


2 


represented in fig. 3 — at least as long as the curve 


and which touches the curve er —=0 in the point, in which this curve 
itself has the smallest volume. The other outmost line of this group 
of g-lines, viz. that for which g possesses the smallest value, is that 
for which again maximum and minimum volume have coincided, and 

j 2 


w Ä : : 5 
-=0, but in that point in which 
FH 


this curve itself has its largest volume. So for these two points of 
8 


which also touches the curve 


a’y 
contact the equation x _ 0 holds. These two points of contact are, 
& 
d’w d’wy 


—=Dand —( 
da’ 


therefore, found by examining where the eurves z 
Ü 


intersect. This last locus appears to be independent of the temperature, 
8 


4 d 
as we may put = equal to 0. We find from the equation on p. 638 


dd\® d’b 
12a da 


dp da? 
— —=MRT| — 2 . — 
da? a’ (1—2)’ 2 (w—b)! a Fa 
d’b sp 
If we neglect ‚ we find from z= 
da? da? 


db 
da 3 1—2: 
u) u Ze «’ (1—a): 


=0 oceurs, therefore, only in the left side of the 


The locus ae 
da? 


figure 01 for values of « below }. The line «= '/, is an asymptote 
for this curve, and only at infinite volume this value of x is reached. 
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d’y 

And as for 2=0 also v—b must be =(), the curve mt starts 
FH 

ni db 

from the same point from which all the g-lines start. If Mn should 


not be equal to 0, we have ground for putting this quantity positive 
(Cont. II, p. 21), and we arrive at the same result for the initial 
d’ 
point and the final point of the curve = ——: 
hr 
2 


So the points of the curve ie where tangents may be 


drawn to it parallel to the «-axis, 
lie certainly at values of x smal- 
ler than $%, and accordingly the 
two outer ones of the group of 
the g-lines with maximum and 
T minimum volume have their hori- 
zontal tangents also in the left 
side of the figure. The gq-line 
with the highest value of g at 
lower value of « than that with 
the lowest value. This is repre- 

sented in fig. +. 
We notice at the same time 


that the points in which a q-line 
2 


d’wy 
u —=(, are 
da? 


Fig. 4. touches the curve 


points of inflection for such a g-line, just as this is the case with 


2 


From 


the p-lines when a p-line touches the curve 


dv? 


follows : 


and 


2 d’v d’y dv d’w 
d w “) +2 : .G 2) — 7 MN). 
daıdv da? Bi . q da?dv de 


dv dw 
In the points mentioned Al), „because, “7” —(, and at the 
da q da 
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N d’v 
same time ka Hence es —0(, which appears also immedia- 
& 
g 


tely from the figure. 


AR d’y 
Within the ceurve 
da? 


e 


—=0 every g-line that interseets it, has also 


a point of inflection, because the latter must pass from minimum 
volume to maximum volume in its course. So there is a continuous 
series of points in which g-lines possess points of inflection between 
the two points in which horizontal tangents may be drawn to 
day 
da? 
g-lines must possess points of inflection on the left of the curve 
dp 
da? 
side turned to the «-axis just after it has left the starting point. If 


=0(. But there is also a continuous series of points in which the 


=0, so with smaller value of x. For every g-line has its convex 


FR d’ıy 
it is to enter the curve ER 


Eh 


= 0 in horizontal direction and to pass 


then to smaller volume, it must turn its concave side to the »-axis 

in that point, and so it must have previously possessed a point of 

inflection. Most probably the last-mentioned branch is somewhere 

continuously joined to the first mentioned one. If so, there is a closed 

d’v 

ag 

closed curve contracts with rise of 7’, and has disappeared above a 

certain temperature. But these and other particulars may be left to 

a later investigation. 

We have now described the shape of the g-lines, 1. in the case 

uw Ey 

that neither EHE nor FR 
a ap 

ER —=0( exists, 3. in the case that the curve 7 dis found. 


It remains to examine the course of the g-lines when both ceurves 


d’y dd’ 
da? Drau dedv 


curve in which =0 — and then it may be expected that this 


is equal to 0, 2. in the case that the 


curve 


= (I exist, 


2 2 


We oe d’a 
ae 0 it is only required that gi 


For the occeurrence of the 


be positive, as we shall always suppose, and that 7 is below the 


d 
value of the temperature at which the ceurve 7 e = 0 has contracted 
& 


to a single point. It may, therefore, occur with every binary system, 
without our having to pay attention to the choice of the components. 
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a dp 
F -(2)= 0 is not always pos- 


LAD 
sible, as we already showed in the discussion of the shape of the 
isobars. If we consult fig. 1-(These Proc. IX p. 630) it appears 
d 
that the curve (2) —( does not exist throughout the whole. width 


U)v 


‚ But the oceeurrence of the eurve 


of the diagram of isobars. 
With mixtures for which the course of the isobars is, as is the case in 


d 
the left side of the figure, the line (&) —=0 does not exist at all. 
W)v 


Only with mixtures for which the course of the isobars is represented 
by the middle part of fig. 1 it exists and if the asymptote is found, 
it can occur with all kinds of volumes. Also with mixtures for which 
the course of the isobars is represented by the right part of fig. 1, 
it exists, but then only at very small volumes, and it possesses only 
the branch which approaches the line v—=b asymptotically. 


Let us now consider a mixture such that the eurve = == (sis 
Pi 
really present at such a temperature that also the curve ll, 


dus. 
exists; then we have still to distinguish between two cases, i.e. 
1. when the two loei mentioned do not intersect, and 2. when they 


d 
do interseet. If they do not intersect, and the curve (£) —=( lies 
UV 


d? 
—=0, then the g-line, after having had its maxi- 
L 


on the right of 


d, 
mum and minimum volume, will intersect the line (2) an 
® 


that point of interseetion will have a tangent // v-axis; it will 
further run back to smaller volume, just as this is the case with one 
of the g-lines drawn in fig. 2. This may e.g. occur for mixtures cor- 
responding to the left region of the diagram of isobars, when this 
region is so wide that also the asymptote and a further part of the 


curve 2) — 0 is found. If with non-intersection the relative position 
U)v 


2 


d 
of the two curves = 0 and (&) —( are reversed, this can 
u © 


probably not occur but for mixtures which correspond to a region 
of the diagram of isobars which has been chosen far on the 
right side. The course of the g-lines which then pass through 


d : 
the curve ==, is represented in fig. 5. But when the two 
& 


50 
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a’ dp 
ceurves ER —( and (2)=0 


intersect, which then necessarily 
takes place in 2 points, the shape 
of the g-lines is much more intri- 
cate. Then numerator and deno- 
minator are equal to zero in 


d’ıy 
dv da® dv r 
(2)= ap and () 1s not 
One, 


to be determined from this equa- 


dv 
tion. Then (2) must be deter- 
da q 


mined from : 


Fig. 5. 


> 


In the discussion of the shape of the p-lines we came across an 


d’wy d’y 
—=0( and 
dv? dado 
and there we found that the two points of intersection had a different 
character. For one point of intersection, the p-line has two different 


— () intersect ; 


Ey d’w 
real direetions, depending on the sign of 
N (a): & 


this expression was negative, the 
loop-isobar passed through that 
point of intersection. In the 
same way, when from the above 


quadratic equation for () 
9 


we write the condition on which 
the roots are real, we find the 
eondition : 


ap day /(dip\: | 
da’ dedv? \da’dv DeBAU NE: 


which may be immediately found 
from the condition for the loop 
of the loop-isobar, as require- 
ment for the loop of the loop- 
g-line, when we interchange & Fig, 6. 
and v. 
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The g-line which passes through the first point where the above 
condition is negative, has, therefore, a real double point, and runs round 
the other point of intersection before passing through this double point 


3 
for the second time, In Fig. 6 the dotted closed eurve nn —(0 has 
DH 
d d> 
been traced, and also the dotted curve er = — ai —0. The 
da dvd 


point of intersecetion Iying on the left, is the double point. According 
3 


d 
to what was staled before, - is negative in this point, and the 
Bu 


3 


quantity- = is positive, which is also to be deduced from what was 
LAD 

De RER MH Sika ne 

2 TE > { (6) =. . B GH]- 

mentioned previously about the sign 7, Tacdın o the cri 


dv 
terion by which the reality of the two directions of (&) is tested is 
”/q 
satisfied in tbat point-of intersecetion. In the second point of inter- 
d’ d’ 


%w a d 
ection —— Is positive, an 
a r a 


de? 


is also positive. It is true that it 


d’w d’w d’wy 
da? dedv? ( 
appears in the drawing of the loop-g-line that there is no other 
possibility but that it runs round the second point of intersection, 
and 2 it appears, that just as we have mentioned in the analogous 
case for the shape of the p-lines (Footnote p. 626), only when the 
BU 


da? 


does not follow from this that ) et Tit 


two points of intersection coineide, so when the two curves 


dw dw d’ıy d’w 
and ni 


—0( touch, the qu EEE 


2 
er antity dan ) is equal to 


2 


d j : 
— 0 has greater dimensions, so at lower 
WV 


O0. In the case that 


temperature, the loop-g-line will, of course, extend still much more 
to the right, and the higher g-lines must be strongly compressed at 


d / : i 
the point where the curve (&) —0( cuts the second axis (the line 
0) 
This loop-g-line determines the course of all the other g-lines, 
2 


a’ 
da? D; 


in vertical direction just above the double point, rises then till it 
50* 


Thus in fig. 6 a somewhat higher g-line passes through 


( 734 ) 
passes through this curve for the second time, reaches its highest 
& 


d ‚ % F 2 
point, after which it meets the curve (2) — (in vertical direction, 
® 


and then pursues its course downward after having been directed 
horizontally twice more. 
It must then again approach asymptotically that value of », at 


d a 
which it intersected the line f — dv=0 shortly after the beginning 
u 


of its course. This line has also been drawn in fig. 6. It is evident 


d? 


= —=0. In fig. 6 it has, accord- 
dx 


that it may not intersect the curve 


ingly, remained restricted to smaller volumes than those of the curve 
Ay 
da? 


=0. For the assumption of intersection involves that a g-line 


& ” 
ın 


d 
could meet the Iocus [7 dv = 0 severaltimes. Asqg—= MRTI 
r & 


iR 
such a meeting point, it follows from this that only one value of 
a can belong to given g. It deserves notice that in this way without 


2 


: i 3 d 
any calculation we can state this thesis: “The curves — 
Ü 


=.) and 


d, 
F zZ dv= 0 can never intersect.” According to the equation of state 


it would run like this: “The equations: 


dbN\? d’a db da 
= nn M = 
1 (2) da? N de 


ee and ® _de 
#(1—2) (0b) E = 


MRT 


v—b 


can have no solution in common. Indeed, if » from the second equation 
is expressed in « and 7, and if this value is substituted in the first 
equation, we get the following quadratie equation in MRT: 


d’a 

1 1. /dbN® 1 dbde! 
MARTIN I EREAU E 

BEE RUN (5) + b da da 

da 


1 
a > un | ee a 


1 /da\? 
Br = 


A value of MRT, which must necessarily be positive to have 
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1 db da 1 da 
b? dede” 2b da? 


significance, requires From the foregoing remarks it 


> Er da R d 
is sufficiently clear that ze must be positive to render the locus f — dv 
& NY 


d’ d’w j 
must be positive to render iz 0 possi- 
& 


= 0 possible, and that 


2? 
ble. The roots of the given quadratic equation, however, are then 

db da 1 d’a 
b? dx de 2b de: 
1 db da 


than th ee 0f — — — ar thi i ; 
Zune eimare Of and the square of this being smaller 


imaginary, the square of 


being necessarily smaller 


de 


But let us return to the description of the course of the remaining 


q-lines. There is, of course, a highest g-line, which only touches the 
2 


ER Ball 
oeus 


Ir tda\ 
than the product of =(&) and the factor of (MRT). 


— (0, directed horizontally in that point of contact, and 
d’y 
da’ 


d? 
touches the locus 2 u) 
da? 


for which also 


=0 in that point. There is also a g-line which 


in its downmost point, and which as a 


rule will be another than that which touches it in its highest point. 
The g-lines of higher degree than the higher of these two have again 
the simple course which we have traced in fig. 2 (p. 635) for that 


d 
q-line which intersects the locus © —=0. Only through their eon- 
AB) 


siderable widening all of them will more or less evince the influence 

of the existence of the above described complication. The g-lines of 

lower degree than the loop-g-line have split up into two parts, one 

part Iying on the left which shows the normal course of a g-line 
d ; - 

which euts (&) — 0; and a detached closed part which remains 
U /o 


enclosed within the loop. Such a closed part runs round the second 


— (0 have in common, 


1) d’ 
point of intersection which F\=0and r 
da), da? 
2 
hi —=0(,and 
da’ 


passes in. its lowest and highest point through 


d E 
through (2) —=0 in ihe point Iying most to the right and most to 
U )v 


the left. With continued deerease of the degree of g this detached 
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part contraets, and disappears as isolated point. This takes place 
before g has descended to negative infinite, so that g-lines of very 
low degree have entirely resumed the simple course which such 
dp 
lines have when only the curve (2)= 0 exists. 

Also in this general case for the course of the g-lines we can 
form an opinion about the locus of the points of inflection of these 


2 


d’v - 
curves, so of the points in which (&) — 0. Wealready mentioned 
q 


DH 


d ; . 
above that when the line %) —( exists at a certain distance from 
Pan 


it there must be points of infleetion on the g-lines at larger volume. 
1) i ; 

If also the asymptote of (2) —( should exist, also this series of 
dr R) 


points of infleetion of the g-lines has evidently the same asymptote. 
In fig. 6 this asymptote lies outside the figure, and so it is not 
represented — but the remaining part is represented, modified, however, 
in its shape by the existence of the double point. The said series 
of points of infleetion is now sooner to be considered as consisting 
of two series which ıneet in the double point, and which have, therefore, 


i > i ; d 
got into the immediate neighbourhood of the line (2) —=0(0 there. 
0)» 
50 there comes a series from the left, which as it approaches the 
dp 
double point, draws nearer to BF —=0(, and from the double point 
10, 


there goes a series to the right, which first remains within the space 
2 


. . ww D wi 
in which Fa is found, and which passes through the lowest 


point of this eurve, but then moves further to the side of the second 


d 
component at larger volume than that of the eurve (2)= 0. The 
2), 


double point of the g-loop-line is, therefore, also double point for the 
loeus of the points of infleetion of the g-lines, and the eontinuation 
of the two branches which we mentioned above, must be found 


dp 
above the curve e I 0. Accordingly, we have there a right branch, 


2 


OP 
which runs within rd and passes through the highest point of 


& 


this eurve, and a left branch which from the double point runs to 
the left of the loop-g-line, and probably merges into the preceding 
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branch. If this is the case the outmost g-lines on the two sides, both 
that Iying very low and that lying very high, have no points of 
inflection. 


THE SPINODAL CURVE AND THE PLAITPOINTS. 


The spinodal curve is the locus of the points in which a p- and 


Ey ey 

e f dv dv dedv da? 

& g-line ‚meet. In’ these points — = -- and o — —— = — —, — 
dep dag | d’w d’y 

dv? dadv 


points of contact, we shall have to trace the p and the q lines 
together. As appears from fig. 1 p. 630 the shape of the p-lines 
is very different according as a region is chosen Iying on the 
left side, or in the middle or on the right side; but the course of 
the g-lines in the different regions is in so far independent of the 
choice of the regions that g—_„ always represents the series of the 
possible volumes of the first component, and g+% the series of the 
possible volumes of the second component, and also the line of the 
limiting volumes. As the shape of the p-lines can be so very different 
we shall not be able to represent the shape of the spinodal line by 
a single figure. Besides the course of the p-lines depends on the 
dp dp 


existenee or non-existence of the curve Ba he 


course of the g-lines on the existencee or non-existence of the curve 


2 
0, and besides, and this holds for both, on the existence of 
14 


—0, and the 


2 
the curve - - — 0). Hence if for all possible cases we would illustrate 


VAV 
the course uf the spinodal curve in details by figures, this examination 
would become too lengthy. We shall, therefore, have to restrict 
ourselves, and try to discuss at least the main points. 
Let us for this purpose choose in the first place a region from 
the left side of the general p-figure, and let us think the temperature 
so low, so below (7),, that tiere are still two isolated branches for 


the curve N all over the width of the region. 
AU 
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In fig. 7 T is thought higher 
than the temperature at which 
a 
da” 
below this temperature. In fig. 7 
all the g-lines have the very simple 
course which we previously in- 
dicated for them, and tbe p-lines 
the well-known course, with which 


—() vanishes, and in fig. 8 


d TE 
(&) is positive on the liquid side 
p 


da 
dp h 
of Si 0, and on the vapour side 
® 
dp } 
of s—_ 0, negative between the 
® 


two branches of this curve, the 


dv 

transition of u from positive to 
da)» 

negative taking place through 


infinitely large. The isobars p,, p, and p, have been indicated 
in the figure, in which p, <p,<p,. Also a few gq-lines, VRR 
and the points of contact of p, to q, and of p, to Q,: Also on 
the vapour side a point of contact of p, to q,. It is clear 1s 
that every gq-line yields two points for the spinodal curve, and 


2rd that these points of contact lie outside the region in which 
dp . 2 
1, 15 positive. On the other hand we see that the distance from 


ie, 27. 


dp 
the spinodal eurve to the eurve en 0 can be nowhere very large. 
am L 


Only by drawing very accurately it can be made evident that on 
the vapour side the spinodal eurve has always a somewhat larger 


1 
volume than the vapour branch of the eurve a) In the four 
A} 


ER, 
points, in which tt intersects the sides, indeed, the spinodal 
2) 
line coineides with this eurve. 
Fig. 75 has been drawn to give an insight into the eireumstances 
at the plaitpoint. At 7>(7%), the two branches of the curve 
dp 


el have united at that value of x, for which T= (Tr. "One 


of the p-lines, namely that of the value P=(poao, touches in the 
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point at which the two hranches have joined at a volume » — (vy),, and 
has a point of infleetion there. Two 
parts of g-lines have been drawn 
as touching the p-line. The two 
points of contact (1) and (2) 
are points of the spinodal curve, 
and lie again outside the curve 
2 =0. For a higher p-line these 
points will come closer together. 
And the place where they coin- 
cide is the plaitpoint. As in 


: dv dv 
point (1) 5) > =). and re- 
i j d’v d’v 
versely in poina() > 2): 


d’v Pr. d’v 
Fig. 7b. =) N when (1) and (2) 


have coincided, and this may be considered as the criterion for the 
plaitpoint so that in such a point the two equations: 


dv a dv 

FA 

d’v er d’v 

a); 
hold. 


The following remark may not be superfluous. In point (2) 


d’v d’v i 
) is not only smaller than EN but even negative. In order to 
) 


DH L q 
find the plaitpoint, the point in which 2 points of contact for the q and 


d’v d’v 
the »-lines eoineide, and so [| — | and | — | have the same value, 
pP da), \dar), 


2 
(&) must first reverse its sign in the point (2) with increase of 
p 


d’v 
the value of p for the isobar before the equality with > can 
| q 


be obtained. And that, at least in this case, this reversal of sign 
must take place with point (2) and not with point (1), appears from 


d? 
the positive value of (2). So we arrive here at the already known 
4 
q 


theses that in the plaitpoint the isobar surrounds the spinodal curve, 
and also the binodal one. 


dv 1 d’v ä 1 d’v st 
dv, = “ Bar? FRE A er Io me etc. 


dv Toro 6 Sr De 
dog = “B Big TEE Im kn +7933 d2’ vr ete. 


we find for a plaitpoint: 


1 d’v d’v 
du, — Ve een 
a da? da’ 


So the p- and the gq-lines meet Fer Krterdbet in a plaitpoint, and 
this is not always changed when a point should be a double plait- 
point. We shall, namely, see later on that the criterion for a double 
plaitpoint is sometimes as follows: 


O-@) 
2-0: 


Let us now proceed to the discussion of the case represented by 


fig. 8. Here it is assumed that 7 lies below the temperature at 
23 


da” ete. 


and 


.., Yp 
which re 0 vanishes, so that this locus exists, it being moreover 
Lv 


See d, 
supposed that it intersects the curve in 0. It appears from the 
Ü 


drawing that for the g-lines for which maximum and minimum 
volume oceurs, two new points of contact with the p-lines are 
necessarily found in the neighbourhood of the points of largest and 
ange As at least for so far as these points lie on the liquid 


side or © u 0. 


So A is a group of qg-lines on which 4 points of the spinodal 
curve oceur, and which will therefore interseet the spinodal.curve 
in 4 points. The two new points of contact lie on either side of 
d’w 
da’ 
from this curve, the two old points of contact not being far removed 


—=0, and these two new points of contact do not move far away 


dp 
from —- ==. 
dv 
If we raise the value of g, the two new points of contact draw 


23 
nearer to each other. Thus e.g. the g-line which touches dr in its 
d 2 


L 


Sage i - ' dv d’v 
highest point, and for which (2) 0 and also a in that 
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point has also been drawn in the figure. Also this q-line may still 
be touched by two different p-lines, which, however, have not been 
represented in the drawing. For a still higher g-line these points 


would coincide, and in eonsequence of the coincidence of two points 
2 


d 
of the spinodal ceurve a plaitpoint would then be formed. (9) always 
ds v 


ee d’v A . 
being positive, (2); which has been negative for a long time in 
LT 

the point lying on the left side, must first reverse its sign before it 


can coineide with the point lying on the right -— a remark analogous 
to that which we made for the plaitpoint that we discussed above. 
If on the other hand the value of q is made to descend, the point 


of contact lying most to the left will move further and further from 


d 
LE and nearer and nearer to the curve a 0, till 
da? dv 


for g-lines of very low degree, for which as we shall presently see, 
the number of points of contact has again descended to two, the 
whole bears the character of a point of contact Iying on the liquid side. 

But something special may be remarked about the two inner 
points of contact of the four found on the above g-line. When 
the g-line descends in degree, these points will approach each 
other, and they will coineide on a certain g-line. Then we have 


the curve 


2 2 

again a plaitpoint. In this case neither al nor (=) need reverse 
& q & p 
its sign because these quantities have always the same sign for each 
of the two points of contact which have not yet coineided, j.e. in 
this case the positive sign. But in this case, t00, there is again besides 
contact, also interseetion of the p- and g-lines. On the left of this 
plaitpoint the g-line lies at larger volumes, on the right on the other 
hand at smaller volumes than the p-line, the latter changing its 
course soon after again from one going to the right into one going 
to the left. 

This plaitpoint, however, is not to be realised. With the two 
plaitpoints discussed above all the p-line and all the g-line, at least in 
the neighbourhood of that point, lie outside the spinodal curve, and so 
in the stable region. In this case they lie within the unstable region. 

Summarizing what has been said about fig. 8, we see that there is a 
group of g-lines which cut the spinodal curve in four points. The 
outside lines of this group pass through plaitpoints. That with the 
highest value of g passes through the plaitpoint that is to be realised ; 
that with the .lowest value of g passes through the plaitpoint that 
is not to be realised. All the g-lines Iying outside this group intersect 
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the spinodal eurve only in two points. If, however, the temperature 
chosen should lie above (7%), the g-lines of still higher degree than 
of that, passing through the vapour-liquid-plaitpoint, will no longer 
cut the spinodal curve. 
And finally one more remark on the spinodal curve, which may 
2 


dp dp 
occur in the case of fig. 8. By making the line Er —=0(0 and ee 
bi ; 

| d’ d? 
e % is ne- 


SR ER Peg hich both —- and 
0 intersect, we have a region, in whi ER FR 


gative. In such a region the product of these quantities is again 
2 2 
r) . If this should be the 
dedv 
case, it takes again place in a locus which forms a closed curve. 
Within this region there is then again a portion of the spinodal 
curve which is quite isolated from the spinodal curve considered. 


With regard to the p- and gq-lines this implies, that there both 


dv dv 


2 and er is negative; and so that contact is not impossible. Such 
Kan & 


a portion of a spinodal curve encloses then a portion of the w- 
surface which is concave-concave seen from below. If we consider 
the points Iying within the spinodal curve as representing unstable 
equilibria, the points within this isolated portion of the spinodal 
curve are a fortiori unstable. The presence of such a portion of a 
spinodal curve not being conducive t6 the insight of the states which 
are liable to realisation, we shall devote no more attention to them. 
It appears from this deseription 
and from the drawing (fig. 8) 
that in this case the spinodal eurve 
has a more complicated course 
than it would have if the eurve 
dw £ £ 
— 0 did imot eis, Teer 
de? 
a portion on the liquid side 
in wbich it is forced towards 
smaller volumes. There is, however, 
no reason to speak here of a 
longitudinal plait. We might speak 
of a more or less complicated 
plait here. But we shall only use 
the name of longitudinal plait, 
when we meet with a portion 
that is quite detached from the 


positive, and it may become equal to ( 


(9). 


ordinary plait, which portion will then on the whole run in the 
direction of the v-axis. 

There remains an important question to be answered: “What 
happens to the spinodal curve.and to the plaitpoints with increase 
of temperature ?” 

At the temperature somewhat higher than (77), there exist 3 
plaitpoints in the diagram. 1. The realisable one on the side of the 
liquid volumes. 2. The hidden plaitpoint also on the side of the 
liquid volumes. 3. The realisable vapour-liquid plaitpoint. Let us 
call them successively P,, P, and P,. Now there are two possibilities, 
viz. 1. that with rise of the temperature ?, and ?, approach each 
other and coincide, and the plait has resumed its simple shape before 
P, disappears at T=(T1\,; and 2. that with rise of 7’ the points 
P, and P, coincide and disappear, and also in that case the plait 
has resumed a simple shape. Inithe latter case, however, the plait- 
point is to be expected at very small volumes, and so also at very 
high pressure. Then, too, all heterogeneous equilibria have disappeared 
at T=(T,),. Perhaps there may be still a third possibility, viz. 

2 


: x —=(0 would disappear at a temperature higher 
& 


than (77),. Besides the plaitpoint P, another new plaitpoint would 
then make its appearance at T’= (T}.), on the side of the first com- 


ponent. This would transform the plait into an entirely closed one, 
2 


when the locus 


ai — (0 vanishes, all he- 


and only above the temperature, at which Fe 
L 


terogeneous equilibria would have disappeared. 

Let us now briefly discuss these different possibilities. We shall 
restriet ourselves to the description of what happens in those cases, 
and at least for the present leave the question unsettled on what 
properties of the two components it depends whether one thing or 
another takes place. If P, and P, coincide, the portion of the locus 
day 


— (0 which we have drawn in fig. 8 for smaller volumes than 
dio? 


2 
that of —=0, must have got entirely or almost entirely within 
Da s 


2 


Ey. u TR, 
the region where Fr js negative in consequence of the rise of tem- 
® 


d’ | 
perature, or the whole locus = 0 may have disappeared with 
HH 


rise of T. 
Now at P, in the previously given equation : 
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ee 
da? p de q 


the factor of da’ is negative, but at ?, this factor is positive. If 
the points P, and P, coincide, this factor = 0. With coineidence of 
these plaitpoints, called heterogeneous plaitpoints by KorTEwWEG, besides 


2, I: d’v d’v 
de Me da q da” )» da q de p 2" )q 
2 


If P, and P, coincide, eg has contracted with rise of tem- 
® 


1 
1.2.3 


dv, — du, = 


2 


2 


4 =0 contraets with rise of the temperature and 
da 


perature. Also 


is displaced as a whole, as I hope to demonstrate further. But the 
2 


contraction of = 0, whose. top moves to the left, happens rela- 
© 


tively quicker, so that e.g. the top falls within the region in which 


j dv 
is negative. The existence of the point ?, requires that (&) 
dr: q 


DH 


{ s j ‚dw dw 
is positive. The point ?, lies on the right of BE a O and above mu 0. 


2 2 


day Er d 
If the top of em =0( lies within the curve 
U® 


ha =(, neither P,nor 


P, can exist any longer. Before this relative position of the two 
curves they have, therefore, already disappeared in consequence of 
their coinciding. Also in this case the coincidence of heterogeneous 
plaitpoints holds. At P, the factor 
of da’ was positive, and at P 


3 
this factor is negative. In case of 


d’ d’ 
coineidence ah IA N ei . With 
da’ p da? q 


further rise of T, however, the 
dw 
dv? 

again outside the region where 

2 63 

g is negative. The curve Er m 

da? dı? 


namely, cannot extend to x—0, 


top of =0 will have to get 


d’wy 
and the curve za > It TEN 
1] 


has its top at @=0. We draw 
Fig. 9, from this the conclusion, that 
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ZA) 


with continued increase of temperature the curves —=0 and 
dd 
dw 
dv? 
by fig. 9. 
The spinodal line runs round the two curves, and so in conse- 


\ . dp EN 
quence of the presence of er 0 it is forced to remain at an 
& 


—( will no longer intersect, but will assıume the position indicated 


: a) g 
exceedingly large distance from the curve Fran 0. The question 
® 


may be raised whether the spinodal curve cannot split up into two 


2 


separated parts, one part enclosing the curve n = (), the other part 
dv : 
2 


d 
—=0. The answer must then be: probably not. 
® 


passing round 


d? 


d? 
In the points between the two curves and = are indeed, posi- 
dv? da? 


tive, but still small, whereas 
da d 


does not at all oceur in the figure, 
© 


and will, therefore, in general, be large. Now if the temperature at which 
a) 2 

da? 
till it leaves the figure, and the spinodal curve is closed at 2x =0 
and T=(T}),, and the new plaitpoint makes its appearance, which 
we mentioned above. From this moment we have a spinodal curve 
with two realisable plaitpoints. The graphical, representation of the 
eurvature of the p- and the g-lines is in this case very diffieult, 
because both groups of lines have only a slight curvature. If, howe- 
ver, we keep to the rule, that the p- and the g-lines envelop the 
spinodal curve at realisable plaitpoints, we ceoncelude that the value of 


d 
— () disappears, should lie above ae = 0 shifts to the left, 


0.6: da?’ )q 
point. When these points, called homogeneous plaitpoints by KoRTEWESG, 


2 
(©) and e is positive in P,, and negative in the other plait- 
p 


2 2 i 
coineide Be eh Above the temperature at which this 
’ da? p dx? q 


takes place, the p- and the g-lines have no longer any point of contact. In 


d 
consequence of the disappearance of the locus =(, the course 


dv? 


of the p-lines has become chiefly from left to right, so in the direc- 
tion of the x-axis. On account of the disappearance of the locus 
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d’y 
da> 
least with a volume which is somewhat above the limiting volume, 
they run chiefly in the direction of the v-axis. 

Many of the results obtained about the course of the spinodal 
curve, and about tbe place of the plaitpoints, at which we have 
arrived in the foregoing discussion by examining the way in which 
the p- and the g-lines may be brought into mutual contact, may 
be tested by the differential equation of the spinodal line. This 
will,. of course, also be serviceable when we choose another region 
than that discussed as yet. 


From : 
dw d’y DwyN?’ 
de? de? () Tg 
we derive: 


ey dv dw d’w ER d’w 
de? dv? dv? da’dv  dadv dadv? 
Ey dyp dw d’w 3% d’w 
de? dv? da? dadv? da? da’dv 


—( the course of the g-lines has also been simplified, and at 


dv +- 


ı de + 


d’n.d? d’y d? dn @ 
+5 adv A Di DI 
BR dadv dadv 
We arrive at the shape of the factor of 47’ by eonsidering that from: 
d= Tdan—pdv+gde 
follows: 
Ww= —ndT—pd-+ gda 
dp d’w d? 
so that (5) —  mand so. rem 
ara dTav: U 


This very complicated differential equation Et be reduced to a 
simple shape. 


Let us for this purpose first consider the factor of dv. By substi- 


(=) d’w 

. . . e 2 n 

tuting in it the quantit ae for SR and Pr for eu. -: 
Ey da? da p d’wy 
dv? dv? 


this factor becomes : 


au (2 +: d’yp (dv d’w 
de dedv? \ da “ da?dv\ 


d 
From P=— “ we derive: 
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dw (dv d’w 
dv? + dadv \ 


day (dev a a u (d 3 
dv? = -( }: r En &) au el) = 
from which appears that we can write the factor of dv in the form of: 
(=) ) 
dv: ) \aa:), 


We might proceed in a similar way with regard to the factor of 
dx, but we can immediately find the shape of this factor by substi- 
tuting the quantity x for v and g for p in the factor of dv. We find then: 


() ) 


As long as we keep 7 constant, and this is necessary for the 
course of a spinodal curve, the differential equation, therefore, may 


be written: 
d? 2 de d? 23 d? 
BT Pe zig, 
dv? dx? p da? dv? q 


ee: En a btai 
y a ıng 1ntO accoun a do: SER, de : de? & we obtaın 


after some reductions which do not call for any explanation, the 


simple equation : 
dv in dv e) ) 
da a da), 3 
da? p 
As a first result we derive from this equation the thesis, that 


d d d’v d’v 
(z) and (£) must have the same sign, if (=) and (2) 


have the same sign and vice versa. Thus on the vapour side in fig. 7 


d’v A d’v h \ TE Aa dv bei 
(), el ave always ‚reverse SIgEN, an 2: Re eıng 


d 
negative, () is negative on the vapour branch of the spinodal 
sptin 


and 


curve. Reversely the curvatures of the p and g-lines have the same 


«dv dv 
sign on the liquid side, and — = positive. If, however, 
dee ine do p=4 
51 
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d’v 
(=) should have been indeed negative there, as was accidentally 
& 
q 


represented in point 2 of the spinodal curve, the spinodal eurve runs 

towards smaller volumes with increasing value of .«. So if there occur 

points with maximum or minimum volume on the spinodal curve, 
d’v : . dv er er 
— \)=0( in those points. If on the other hand | — is infinitely 
da? q € U) spin 


large, which occurs in the case under consideration when the spinodal 
2 


d 
curve is closed on the right side for 7’> (77), then (3) must be 
FH p 


=0(, and so the p-line must have a point of inflection in such a 
point, to which we had moreover already concluded before in another 
way. A great number of other results may be derived from this 
differential equation of the spinodal line. We shall, however, only 
call attention to what follows. In a plaitpoint (2) =(2) : 
ö % ) spin da p=q 

d’v 


For a plaitpoint it follows from this that (2) == i :): 
da? )p q 


da? 


E 3 d 
If for a point of a spinodal curve (&) is indefinite, both 
spin 


4 

d’v Ad d’v : : 

e 2 an N must be equal to 0. This takes place in two cases: 
1. in a case discussed above when the whole of the spinodal line is 
reduced to one single point. 2. when a spinodal line splits up into 
two branches, as is the case for mixtures for which also T, minimum 
is found. In the former case the disappearing point has the properties 
of an isolated point, in the second case of a double point. 


In the differential equation of the spinodal line the faetor of dT 
may be written: 


I! (@ =) 9 ®Ty\ dw r: PT Py 
T: da? ),r dv dadv ) T dadv dv? ) Tr da? 

and by putting e—% for 7 it may be reduced to: 
1 E de Op de dwdie 


dv? da? dedv dedv ' da’ dv! 


1dwy (d’e (dv\? ds (dv d’e 
Ta la), ta) te 
vo” (dv?\d. p=g (adv \ de pP du? 


| ee 
The factor by which or I to be multiplied, oceurs for the 


or to 
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first time in formula (4) Verslag K. A. v. W. Mei 1895, and at the 
- close of that communication I have written this factor in the form: 


(- do En u) + 0,0, — 4," 
2 den, 2ade a? 
from which appears that in any case when a,a, >a,,’, this factor 
is negative. Here, too, I shall assume this factor to be always negative, 
but I may give a fuller discussion later on. 


In consequence of these reductions the differential equation of the 
spinodal ecurve may be written as follows: 


dw (dv dy (dv dT | 
Er ger a een h: 
dv? \da’)»T dedv \da?),T T: 


From this equation follows inter alia this rule concerning the 


displacement of the spinodal curve with increase of 7, that on the 
2 


av\. er 
side where (=) is positive, the value of v with constant value of 
KL 
p 


x, incereases, and the reverse. So the two branches of a spinodal 
curve approach each other with increase of the temperature. But I 
shall not enter into a discussion ‘of the further particeulars which 
might occur when this formula is applied. By elimination of dv I 
shall only derive the differential equation of the spinodal line when 
we think it given by a relation between p, x and 7. We find then: 


ee 


for a plaitpoint the factor of dx disappears, and we find back the 
equation (4). Verslag K. A. v. W. Mei1895, for the plaitpoint curve. 
At constant temperature we ind for the spinodal curve: 


d?v 
dp = 7) er da? )q 
da) spin \ da)» d’v 

da” )y 


2a 


® 


(To be continued). 
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Physics. — “The shape of the empirie isotherm for the condensation 
of a binary miwture”. By Prof. J. D. van DER WAALS. 


Let us imagine a molecular quantity of a binary mixture with a 
mass equal to m, (l—x) + m;r, at given temperature in & volume, 
so that part of it is in the liquid state, and the remaining part in 
the vapour 'state. Let us put the fraction which is fourd in the 
vapour state equal to y. The point that indicates the state of that 
mixture, lies then on. a nodal curve which rests on the binodal 
eurve. Let the end of the nodal line which rests on the liquid branch 
be denoted by the index 1, and the other end by the index 2. Let 
us represent the molecular volume of the end 1 by v,, and the 
ınoleeular volume of the other end by v,, then when v represents 
the volume of the quantity which is in-heterogeneous equilibrium : 


v=v(l—-Y)+r%Y 
the constant quantity & being represented by: 
2 —=a, (l—y)-+ 2, Y- 
From this we find: 
dv = (w,—v,) dy + (1—y) do, + y dv, 
and 
= (2,—x,) dy + (1—y) de, + yde,;- 


By elimination of dy we obtain the equation: 


— (1—y) dv, — y dv,. 


2 
—d= u, (1—y) da, + y da,) 
2 1 


e dv dv 
Now in general dv — (=) da + (5) dp. Let us apply this equa- 
* 


de)» 
tion for the points 1 and 2 of the binodal curve, and let us take 
the course going from v, to v, + dv, and from »v, to v, + de, on 
the surface for the homogeneous phases. Then: 


dv dv 
dv, — zn) da (5) d 
i ne p : Y dp { 
dv dv 
de, == a da, + & dp. 
j e p ; dp ei 


e dv, dv, 
The quantities | — Jand | — ) must then be taken along an isobar 
da, )p da, )» \ 


If we substitute the values of dv, and dv, in the equation for dv, 
it becomes: 


and 


—v di dv 
= none er 
het 4, ı/P dp bin P / hom 
en a ee 
VL Vs/p dp bin P / hom 
Now the factor of Orr (2), &) and we find: 
dp din %, —& di ©,” dp bin 
ee 
dp het © =) "\- | 
4 ee) wi) \ 
y da,’ =), dp bin dp hom 


If we consider the beginning of the condensation, and so y=1, 
the above equation becomes: 


OP 


hom 


in which we must put »,,—=v and %,=.. It appears from this 
, dv dv 
equation, that never — | — ‚ and that there must 
dp En er} hom 


therefore be a leap in the value of = or of —-. at the begin- 
‚p 2) 
ning of the condensation, unless there should be cases in which 


d? d. 2 A 7 5 . . 
=) ee) is equal to 0. The only case in which this is so, is 
de »1 dp bin 


dp da 
in the eritical point of contact. There ee — a and so G)2° 
‚V ) bin dp bin 
But then there is properly speaking no longer condensation, and the 


empirie isotherm has disappeared. We might think of a plaitpoint, 


dd dp 
because | — —( in it, but on the other hand —( and 
de »T da bin 


d’s GEN 
— © there. If the limiting value of —) orof 
= bin dio” dp bin 


se SR is sought, we find by differentiating numerator and deno- 


2), 
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minator twice with respect to =: 
Gr ea 
da? Bo er > di? 
2. Od. 
da bin bin bin da” bin 


Be 5 N a2 
In a plaitpoint, besides (8 Fa but ( dat Ja 


will have a value differing from 0, and so there is a Jeap in the 


dv 
value of a in a plaitpoint too. 
2 


dv Aw dv A 
As -(2) must always be positive, also (-% will always 
hom dp het 


Ir \, do dp dp 
be positive and larger than = iR 01 = in Be (- le 


At the beginning of the condensation the empiric curve will ascend 
less steeply with decrease of volume than that for homogeneous 
phases. 


j f dv dp 
There are cases in which — | — =», or | —— —a 
dp het 


as I: : 
on the sides, so for 2=0 and z=1. Then (=) is infinite, and 
& )pT 


IRT 


is represented by the principal term (5 ee 
—® 


) 2. if on the binodal 


da d 
eurve is infinite or —=0; this takes place for those mixtures 
‚p u 


which behave as a simple substance. 
If in equation (1) we put y=0 and v, =v and x, = x we could 
derive the same conelusions for the end of the condensation. 


d d, 
The relation between — bs and — (&) at the beginning 
dv) het VU)/ hom 
and at the end of the condensation, could be immediately derived 


by applying the equation : 


both for the surface of the homogeneous phases and for that of the 


heterogeneous phases. If we then take into consideration that (&) 
FH [N 


N V,—d 
on the heterogeneous surface is equal to ———, we find: 


U L, 
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v,—v, dv dv dv 
d+|—- Ip = de +| — | dp, 
&,—%, dp het dep dp hom 


and from this the former relation. - 


d 
From the form for (- 2) in general, so not only at the begin- 
P/ het 


ning or at the end of the condensation, we see that the empirie 
isotherın can have an element in which it has an horizontal direetion 
only when a nodal curve is intersected, at one or the other of 


de 
whose ends (&) is infinitely large. But as neither the sides nor 
‚P/ bin 


the nodal curve which runs parallel to the v-axis can be intersected, 
it would follow that the empirie isotherm can never run horizontally 
in one of its elements. There are, however, cases which form 
exceptions to this rule. First of all if we widen the idea empirie 
isotherm, and understand by it the section of a surface // v-axis 
with the derived surface of the «-surface, also in the case of a 
eomplex plait. Then there are also nodal curves to points in which 
the binodal eurve passes through the spinodal, and where therefore 


de 
e) — w. But as such equilibria are hidden equilibria, they cannot 
P) bin 


be realised in spite of this. Instead of this we have rectilinear inter- 
section of the surface // v-axis with the three pbase triangle, and in 


dv Eu: 
this part & is, of course, again infinitely large. But secondly, 
P) het 
and this is a case which might, indeed, be realised, the binodal 


V ” * . . 
eurve has a point in which ie —o, when this point is a plait- 
\AP) bin 


point which with inereasing or deereasing temperature will become 
a hidden plaitpoint. This is a limiting form of the first mentioned 
case, in which the three phase triangle was intersected. Then the 
three phase triangle has contracted to a single line, and the above 
mentioned straight line has contracted to a single point. Then there 
is, of course, a point of inflection of the empirie isotherm in that 
point. With larger volumes it is eurved negatively, with smaller 
volumes positively. 
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Physies. — “Isotherms of di-atomie gases and their binary mwetures. 
VI. Isotherms of hydrogen between — 104° C. and — 217° C.” 
By Prof. H. Kameruinen Onnes and C©. Braak. Comm. N. 97« 
from the Physical Laboratory at Leiden. 


(Communicated in the meeting of December 29th 1906). 


$ 1. Introduction. 


The investigation treated in this Communication forms part of the 
investigation on the equation of state of hydrogen, which has been 
in progress at Leiden for many years. ') 

With that part of our measurements ?) which we now deem fit for 
publication, we have more directly carried on the work that H. H. 
Francıs Hynpman had already done with one of us (K. O.) before 
1904, so that, though all the observations, one for this, another for 
that reason, but always for the purpose of reaching the desired 
accuracy (which, we may add, was increased in the course of the 
investigation) have been repeated, an important share of the final 
success of the measurements is due to the said investigator. 

The results obtained by us furnish data for applying the correction 
of the readings of the hydrogen thermometer to the absolute scale 
experimentally (see the following communication), and for determining 
the deviation between the net of isotherms of hydrogen and that of 
the mean reduced equation of state (see Comm. N°. 71, June 1901 
and Comm. N°. 74, Arch. Neerl. 1901) °). The points determined in 


!) In Comm. N). 69 (March 1901), where the apparatus have been described which 
were used in this investigation, the Communications referring to this subject, have 
been mentioned. Since then the isotherm for 20°C. to 60 atms. was given in 
Comm. N. 70 (May and June 1901) with the accuracy of which the open standard- 
manometer (Comm. N‘, 44 Oct. 1898) and the closed standard manometers (Comm. 
N®. 50 June 1899) admit, which investigation is carried on in Comm. N, 78 
(March 1902) for the isotherms of hydrogen at 20° C. and 0° C., which have been 
determined with the apparatus that have also been used for this investigation. 
The suitability of these apparatus for accurate determinations of isotherms has 
been shown in Comm. N'. 78, and is confirmed by this Communication for low 
temperatures. Several communications e.g. Ns, 83, 84, 945 and 94f, further 85 
and 955, finally Ns. 89, 93 and 95 are more or less in connection with this 
investigation, the great importance of which, if accurately carried out, is demon- 
strated in Suppl. N®. 9. 

?) We soon hope to publish the results of measurements at higher pressures 
and lower temperatures, and also those of supplementary determinations at lower 
pressures. 

3) Definitive values for the virial coefficients B ani C ($ 12 contains only provi- 
sional values) from which the difference with those according to the reduced 
equation may follow, are given in the following communication. 
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the net of isotherms are only few in number, but these few points 
have been determined with partieular care, so that, so to say, they 
form normal places in the examined region of the equation of state, 
with which without preliminary adjustment we may set about the 
cealeulation of individual virial coefficients. Characteristie of them 
is that every group of such normal places obtained by deter- 
minations with the piezometer and manometer (see Comm. Ns. 69 
and 78) lies really on the same isotherm (that of about — 104°, 
— 136°, — 183°, —195°, —205°, -—213° and — 217°), and that on 
these same isotherms every time a point has been obtained at small 
density by a determination with the hydrogen thermometer (see 
Comm. N’. 95° Oct. 1906). The great diffieulty ') of this investigation 
lies in obtaining the required constaney and stability of the low 
temperatures. Accordingly the arrangement of reliable eryostats was 
made a separate subject of investigation at Leiden. (cf. Comm. 
Ns. 83 and 94). 

This investigation comprises three series of piezometer-determina- 
tions at densities respectively about 70, 160, and 300 times the 
normal. ?) Several of the observations mentioned here lie in the 
neighbourhood of the curve of the minima of pv. They enable us 
to determine the shape of this curve pretty accurately (see $ 13). 

We confine ourselves in this communication to our observations 
themselves. A diseussion of them, also in connection with the results 
of other observers, will be given in a following communication. 


$ 2. Survey of the apparatus used. 

a. On Pl. I in fig. 1 we find a schematie ”) representation of the 
system of tlıe apparatus for measıurements and auxiliary arrangements, 
excepted those which serve for keeping constant the temperature 
in the eryostat. The compression apparatus A is the same as that 
mentioned in Comm. N’. 84 (Marelı ’03). For the meaning of the 
system of tubes, cocks and other parts we may refer to Comm. 
N’. 69 and N’. 84. The same figures have been used, except that 
in this communication ce, is used for the cock which admits the 


1) Wirkowskı, whose important investigation on the. expansion of hydrogen 
(Bulletin de l’Acad&mie des Sciences de Cracovie 1905) had already appeared 
before the experiments mentioned in this communication had been completed, 
already mentions this as an explanation for the fact, that he has dropped the 
direct determination of isotherms at temperatures lower than — 147°. 

2) The limits are chiefly given by the pressure under which the gas stands; 
they are about 20 and 60 atms. 

3) The individual apparatus are represented on the same scale, the connections 
schematically. 
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compressed air, and c, for the eock which shuts off the level glass. 
Of the compression tube, provided with the system of cocks, mercury- 
reservoir and level-glass belonging to it a front-view is given in 
fig. 3 of Pl. I. The piezometer with the connections g, and g, has 
been represented in detail in fig. 2 of Pl. 1. 

The arrangement of the eryostat 3 which has served for the deter- 
minations mentioned in this communication, is described in Comm. 
N®. 944, 

For the description of the apparatus serving for keeping the tem- 
perature in the cryostat constant, we may also refer to this last 
communication. Fig. 4 of Pl. I may also serve for elucidating this 
description for the special case that our piezometer is placed in the 
eryostat. 

The pressure is conveyed (see fig.1, Pl. I) from the compression- 
tube to the manometer along €, Cy Gy» €» Cı, and c,,. By elosing 
and opening. c,, the differential-manometer Z') may be shunted in 
and out. By means of ihe cocks c, and c,, it may be shut off from 
the rest of the pressure-conduit, when great differences in pressure 
are brought about, or are to be feared. ’)’). The apparatus are 
placed in two rooms as has been indicated in the figure by a 
dotted line. By elosing one of the cocks c,, and c,, the two parts 
may be treated as independent systems. This was done when the 
manometer was compared with the open manometer connected at c;,. 
The manometer C is the same as served for the investigations of 
Comm. N. 78. The reservoir D serves, if necessary, for eliminating 
the injurious influence of small leaks, for which purpose it is placed 
in ice. At c,, it can be coupled to the system. In the experiments 
of this communication there was no need to use it‘). The pressure 
is exerted by compressed air, which enters through c, and C,, along 
the drying tubes Fand @; and is regulated by blowing off along c,,. 


The cocks c,,, Cs Ey Cyı, C,, and c,, have analagous meaning to 
mes CO Oec, ande, 


') This manometer, which was formerly used with the open standard-mano- 
meter, (see GC fig. 1 Comm. NP, 44) and had now been removed to the piezo- 
meter, was of great use for finding leaks. 

2) A couple of mercury-receptacles, which served for veceiving the mercury 
that might overflow, have not been represented in the figure. 

3) The system which we have so far described and which belongs to the piezo- 
meter, is placed in one of the rooms of the laboratory, situated in the immediate 
neighbourhood of the cryogen department. The remaining apparatus which chiefly 
belong to the manometer are erected in the room with the standard-manometer. 

*) The adjustment of trays of oil for the different couplings rendered the search 
for leakages so easy, that an injurious leak needed never to remain. 
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All eouplings of the conducting tubes in which air is to be kept 
at constant pressure, have been placed (cf. the plate to Comm. N’. 94) 
in trays filled with oil, according to what has been said in 
Comm. N’. 948. ‚ Bi 

b. With regard to'the means for keeping a constant temperature 
in the eryostat, the system of pumps and auxiliary arrangements 
for the regulation of the temperature, belonging to the eireulation of 
oxygen, has been represented in fig. 4 of Pl. I. For a description 
we refer to Comm. N’. 94. 

Some particulars about the ethylene eirculation used for the deter- 
minations of Series I, are to be found in Comm. N°. 94/ XII $ 1. 


$ 3. The manomeeter. 

The pressure measurements were performed by means of the closed 
auxiliary manometer described in Comm. N’. 78°. As a comparison 
of this manometer made in 1904 with the standard manometer A IV 
(of Comm. N°. 78 $17), yielded an unsatisfactory result, and led us 
to expect that the auxiliary manometer was no longer reliable, it 
was compared at four points with the open standard manometer, to 
which the improvements mentioned in Öomm. N°. 945 were applied '). 
The results of this comparison have been combined in the subjoined 
table. 

Column (C like column C of table XVII of Comm. N’. 78° repre- 
sents the reading of the pressure determined with the open mano- 
meter (Comm. N°. 44). Every value is the mean of two observations. 
Column F gives the pressure read by means of our closed auxiliary 
manometer. Each of the values has been obtained as a mean from 
three observations. In the calculation the calibration derived in Comm. 
N’. 78° has been used. In column @ the difference of the columns 
F and @ is represented, column /7 contains this same difference 
expressed in the numbers of column (€ as unity. The pressure given 
by the auxiliary manometer appears to be too high for all pressures 
observed. It was obvious to ascribe this to a too high value assumed 
for the normal volume ’). 

If we take the mean of the values in column 7, we find 0.00087. 
If we diminish the normal-volume and so also the pressures by 
this part of the original amount, the differences represented in 

1) In the investigations with this manometer of Comm. N’. 70 the total absence 
of leaks was rare; here, however, it was easily brought about. Also the improved 
coupling of the steel capillaries to the glass-capillaries of tlıe open manometer by 
platinizing proved satisfactory. (See Comm. N. 949), 

2) In comnection with this diminulion of the normal volume see also Comın, 


No. 95e, $ 11. 
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column K remain between the indications of the auxiliary manometer 
and the open standard manometer. These differences, considerably 
smaller than those in table XVII of Comm. N’. 78°, remain within 
the limits of accuraey fixed for this investigation, and justfy us to 
estimate the mean error in the pressure measurements at # me 

In the following the pressures have been caleulated with this new 
value of the normal volume. 


TABLE I. Manometer. 

C | F | G | H | K 
94.247 94.264 + 0:07 0.00070 — 0.00017 
36.290 36.333 + 0.043 0.00120 + 0.00033 
47.960 48 .004 + 0.044 0.00092 + 0.00005 
60.022 60.061 + 0.039 0.00065 — 0.000233 


$ 4. The piezometers and auailiary apparatus. 

The piezometer used in the first series for the observations at a 
density 70 and the temperatures —104°, — 136°, —183°, —195°, was 
of about the same dimensions as that used for the observations of 
Comm. N°. 78. In the subjoined table, just as in the corresponding 
table II of that communication, the dimensions are given to facilitate 
a survey of the amount and the influence of the many corrections. 


TABLE Il. Data A,, Series 1. 


U, = 6.4110 em}. %,=5.0 . 100°) 


U,=0.0530 » BET 0" 
U,  1e19o 


V,=6.0174 » 
U, has been determined from a calibration table 
V,=516.077 cm3. 


! 


v = 0.722 » per cm. 


!) The values of ß given here have been determined for the ordinary temperature 
and those for lower temperatures have been put equal to ihem. We hope soon to 
determine ß also for lower temperatures. 
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The stem d, (see Pl. II Comm. N’. 69), on which the volume 
U, is read, was 30 cm. long in order to enable us to determine 
every time three points on the isotherm which did not lie too near 
each other '). In others of our“piezometers it was taken still longer. 

For the series II and III a piezometer of larger dimensions was used. 

The necessity of the use of a larger gas-volume for determinations 
at densities higher tlıan 120 times tlıe normal has already been men- 
tioned in $ 19 of Comm. N°. 84. The volumenometer described there 
was not used, but just as in Series J the normal-volume was deter- 
mined in the piezometer itself. 

As in the preceding table tlıe dimensions of the piezometer are 
given here. 


TABLE Ill. Data A,, Series II. 


U= 5.1583 cm. , A=3.7.10° 


U,= 0.0382 » A=4.7.10° 


BU =era0TE9 
V’=10.%45 » 
U,= (see preceding table) 
V,=2063.30 cm?. 


DZ ACT» perTem. 


In Series II the piezometer-reservoir had a volume of 10.343 cM®, 
but for the rest it had the same dimensions as in Table Ill. 

To deteet any escaping of gas during the measurements at high 
pressure in consequence of leakages at the connections g, and 9, 
(see Pl. IT Comm. N’. 69), cylindrie glass oil-trays were placed 
round these couplings (see Pl. I fig. 2) which enabled us to discover 
immediately even the slightest leakage; everywhere the oil-trays 
rendered excellent services, but here they were of the greatest 
importance for obtaining reliable results °). 


1) They may serve, inter alia, to give us information about the curvature and 
the inclination of the isotherms at the middle point. 

2) Once the oil-trays near the couplings g, and 9 rendered good services, 
when before the determinations of Series III gas escaped in consequence of the 
nut 95 being imperfectly screwed on. From a determination of the normal-volume 
made immediately afterwards, it proved to have changed so much that the previous 
determinations had to be rejected. 
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$5. The hydrogen. 

The filling was accomplished for Series III with all the improve- 
ments described in Comm. N’. 94 $ 2. For the first series the 
purification by means of cooling in liquid air was not yet applied, 
in the second series jt was, but without application of high pressure. 


$6. The temperatures. 

The temperatures Z, and £, respectively of the divided stem d, and 
the steel capillary y, (see Comm. N’. 69 Pl. II) were determined 
in the same way as in Comm. N’. 78 $ 13. In series I three ther- 
mometers were placed along the steel capillary, and one at the part 
of the glass capillary /, that remained outside the cryostat. The 
refrigerating action of the ceryostat proving to be very slight even 
in the immediate neighbourhood, only three thermometers were used 
in the following two series, two at the ends and one in the middle 
of the steel capillary. The influence of an error of 1°C. in the 
temperature of the capillary (comp. Comm. N°. 78 $ 13) is only 


at — 200°. 


a of the total compressed volume at — 100° en 
For the temperature of the glass capillary we assumed here that 
indicated by the thermometer at the end of the steel capillary. 
This simplification is the more admissible as the temperature in 
the eryostat is lower, and hence the volumes outside it contain less gas. 

The temperature of the glass capillary in the eryostat has been 
determined in the same way as was followed in the investigations 
with the hydrogen thermometer mentioned in Comm. N°. 95°. As the 
arrangement of the eryostat was the same in the two cases, and the 
measuring-apparatus placed in it had almost the same form, there 
was no objection to start from the previously found data for the 
determination of the temperature of the .capillary. (see Comm. N°, 95e 
$4). This method gives sufficient accuracy, as, reasoning in a similar 
way to that followed in the said communication, we arrive at the 
result, that an error of 50° in the temperature of the part of the stem 
that is taken into consideration still gives a negligible error in the 
final result, viz. less tnan ——., | 
5000 

The temperature z, of the piezometer-reservoir was determined by 
means of the resistance-thermometer, which (cf. Comm. N’. 95°) had 
beforehand been compared with the hydrogen-thermometer. 

They differ little from those at which the calibration of the resistance- 
thermometer took place. Hence the reductions are simple and may 
be effecied with great accuraey. 


The temperatures were not caleulated directly from the resistance 
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formula of comm. N®. 95 $ 6, but they were based on the separate 
readings of the hydrogen-thermometer, because the latter must also 
serve as points of the isotherms. From the above mentioned formula 


{ RER 
7,738 determined,.and by the aid of this factor the reduction was 
w 


effected. 

The difference of temperature for which the reduction was made 
amounting to less than 0.°3, this method of caleulation is perfeetly 
sufficient ; only for the temperature of — 135°.71, where the difference 
amounts to 4°, another correction of 0.°01 was required. 

In the subjoined table‘) the method of caleulation has been repre- 
sented for one determination of the temperature. The first column con- 
tains the observed resistance W, in the following column W, represents 
the resistance at which the resistance-thermometer has been compared 
with the hydrogen-thermometer (of comm. N’. 95° Table I $6), and 
T vepresents the corresponding reading of the hydrogen-thermomketer. 

dt 

dw 
ion At which is to be added to 7’, in order to give £, on the hydrogen- 
thermometer-scale. 


From the value 


and W— W. follows now the temperature-correct- 


TABLE IV. Temperature of the bath during observation N’. 7 of 
Series III. 


dt 
Ge 2 E21. 
17.295 | 17.290 | - ein 1.750 | 20.009 | — 212.82 


$ 7. The measurements. 

At the beginning and the end of every series the norınal-volume 
was determined in the way described in Comm. No. 78 $ 12, only 
with this difference that in the series mentioned here every deter- 
mination of the normal-volume was supplemented witlı a reading in 
the U-tube d, and one of the barometer. In this way two determi- 
nations were generally made before and after every series. The values 
found before and after every series, differ nowhere more than 

The tables V and VI are analogous to the tables VII and VIII of 
Comm. N’. 78. In the former the results are represented referring to 


l) The difference of the numbers in this table with those of the Dutch text is 
due to an improved caleulation. The influence of this improvement enters also in 
some numbers of the last part of this communication. 
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the determination of the normal-volume for series III, the latter com- 
prises the three series. 


TABLE V. Normal volume A,, Series III. 


IND Volume. Pressure. pvA Mean. Mean. Difference. 
1 1955.78 75.546 1945.56 — 0.17 
1945.58 
2 1955.82 75.545 1945 .60 1945.73 — 0.13 
© 1961.39 75.342 1945.87 1945.87 + 0.14 
10 [1962.04 19 1946.131) + 0.40] 
41 [1962.31 75.317 1946.14 + 0.41] 
TABLE VI. Normal volumes 7.. 
Determinations. | Before. | After. | Mean. Difference. 
Noel — 0.05 
2 | 544.74 544.82 544.78 — 0.02 
Series I 
10 + 0.02 
11 —+ 0.07 
N 1 — 2060 
| 2 | 1945.73 | 1946.10 — 0.46 
3 — 023 
4 | 1946.16°) | + 0.05 
Series II/ 
42 — 0.18 
21 | 1946.10 | 1946.64 + 0.39 
22 + 0.58 
8 + 0.47 
Series III 1945.58 | 1945.87 | 1945.73 see Table V 


!) The two last determinations have been left out of account, though they show 
but slight deviations, because on account of variations of temperature in the room 
a certain cause could be assigned for the apparent rise of the normal-volume. 

2) A determination of the normal volume was made in this series both before 
and alter, and also between Ihe determinations at high pressure. The value given 
here is the mean from these three determinations. 
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As far as the pressure permitted, three points were chosen in 
every Series on every isotherm for the determinations of the isotherms 
ascending with about equal differences of density, which offers 
advantages for the cäleulation of the virial coefficients (see $ 12). 
The readings were:adjusted at these points by bringing the mercury 
at the bottom, in the middle and at the top of the divided stem d, 
By way of control the two points in the middle and at the bottom 
of the stem were for some determinations determined once more 
with decreasing pressure. 

For every determination we waited till both the temperature and 
the pressure were constant, and we could assume that the equilibrium 
of temperature and pressure had been established. This will be the 
case when the meniscus in the divided stem is moving up and 
down within the same narrow limits. The stability of the tem- 
perature was ensured by a good regulation, and that of the pressure 
was easily obtained and preserved by paying attention to the oil- 
trays mentioned in $ 2, which immediately betrayed the slighte st 
leakage '). 

When the above mentioned constant state had set in, some readings 
of the piezometer and the manometer were alternately made. If they 
agreed, we proceeded to the next point. 

With regard to the regulation of the temperature the measure- 
ments took place under the same circumstances as the investigations 
with the hydrogen thermometer described in Comm, N°. 95e (Oct. 
1906). Besides the resistance-thermometer for regulation and deter- 
mination of the temperature the thermo-element was also used here 
by way of control for the determination of the temperature. The 
indications of the resistance-thermometer, however, proving more 
reliable than those of the thermo-element, only those of the latter 
apparatus were used for the calculations. All possible care was 
always taken that the temperatures at which determinations were 
made, lay as close as possible to those which have been used for 
the calibration of the resistance-thermometer to render the corrections 
small, and the accuracy of the determination of the temperature as 
great as possible. 

The regulation of the pressure took place according to the indication 
of the metal manometer M of Pl. I, fig. 1. If we passed but slowly 
from one pressure to the other the thermal process in the reservoir 
which attended it, was so slight, that the regulation and the measure- 


t) Formerly this often required a long and sometimes fruitless search (ef. e.g. 


comm. N!, 70 p. 8). 
52 
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ment of the temperature did not experience any perceptible disturbance, 
on account of which the stability of the bath was the more ensured 
throughout a whole determination of an isotherm. 


$ 8. Calculation of the observations. 

The caleulation is made in the same way as. described in Gomm. 
N%78,8:,8. | 

For the caleulation of the variability of the volume of the piezo- 
meter-reservoir U, at low temperatures we started from the qua- 
dratie formula for k found in Comm. N °.95°$ 1, so that k, = 
23.43 X 10-° and k, — 0.0272 X 10%. No correction for glass- 
expansion was required for the volume of the glass capillary U, nor 
for that of the steel capillary U,. For the reduction of the gasvolume 
in the glass capillary U, to 0° we proceeded as follows: the volume 
was divided into 5 parts Usa, U, Ua. , Uaa and Ur. Uz. represents the 
part in the liquid bath increased by 2 cm. of the capillary above 
the liquid, where the temperature may still be put equal to that 
of the bath. U, Us. and Usa form together the remaining part of 
the capillary in the eryostat above the bath, Us, + Ur. eorresponds 
to the volume w, of $ 5 of Comm. N’. 95. and Usa to «,. U 
is the volume of the capillary that is outside the eryostat. For the 
reduction of the volumes Us, Us. and Usa we started from the 
same determinations of the temperature as in Comm. N°. 95°. Ason 
account of the greater density at lower temperatures the mean tem- 
perature found cannot direetly be used for the reduction, each of the 
above mentioned volumes is divided into 3 parts, the temperature of 
each of these parts is derived, and from this the mean temperature 


t 
"7 
is determined according to the formula = ——in which T represents 
Bye 
»: 


the absolute temperature. The coeffieients of expansion, which are 
required for the reduction, were determined by means of the general 
- development into series of Comm. N’. 71 with a slight modifi- 
cation of the coefficients mentioned there. The results obtained in 
this way do not give an appreciable difference with those which 
were found when the reductions are made with the approximate 
results for the determinations of the isotherms obtained in this way. 

With regard to the corrections of the temperature of the volumes 
U, and U, we proceeded in a way similar to that of Comm. N°. 78. For 
that of the reservoir al low temperature a somewhat different way 
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was followed. As practically the temperature for every individual 
determination of the temperature might be considered as constant 
(see $ 1), a number of parts of isotherms could be immediately 
obtained for every series separately. As they at the same time refer 
to about the same-densities, an accurate value may be derived for 
E pvA) 

dt ’ 
temperatures in the different series not differing more than 0.°2, the 
results could be reduced to one and the same standard-temperature 
in this way without the slightest diffieulty. As standard-temperatures 
were assumed the temperatures —103°.57 and —135°.71 of series 
I, —182°.81 and --195°.27 of series II and —204°.70, — 212.82 
and —217°.41: of series III. In the subjoined table the values of 
(> pvAr 


1 
| from the graphical representation of prı on —. The 
LvA va 


Kae ) are given, which served for the reduction of the 
En u 
A 


remaining determinations of the isotherms to these standard tem- 
peratures Z,, which relate to the hydrogen-thermometer at constant 
volume and 1100 mM. pressure at 0°. 


t; ; 
| TABLE VII. H, (0), Series II. | 
5 
>= —195° 97 904° ,83 | — 212° ‚98 
Density. &, Op [47 
| 189° 81 495° 97 2049 ‚83 
150 0.004336 0.004406 0.004501 
160 0.004390 0.004458 0.004540 
170 0.004440 0.004513 0.004588 
184 0.004508 0.004599 0.004667 


Ne ‚| (pvA) 
From these mean coefficients values for could be derived 
hea 
for the different points of the respective isotherms, which for the 
isotherm of —212°.82 have been given in Table XI of $ 10. 


$ 9. Survey of a determination. 

As an instance of determinations of isotherms at low temperatures 
we give here one of the measurements from the 3'd series at a density 
326 times the normal, in oxygen boiling under strongly reduced 
pressure. 

52* 
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TABLE VIII. H, Series III N’7. Determination in oxygen at | 
about — 213° C. 
Time 3.10—3.20 | A B | (6) | D | E F | G | H K 
Piezometer top | 5.8 56.496 | — 213°|209.76) 199.57 
rim | 4.8| 56.360 | — 188° 499,415 2126 
division n? 29 7.0) 56.864 | — 989 199.4 
446 
Manometer 5.0 11 93.97) 19.98 
20.04 
Piözometer top | 5.9) 56.493 209.76) 419°.4 
rim | 4.8| 56.360 2126 
1903 
Manometer 5.0 || 93.97| 20.00 
20.05 


Float 1.8 


The columns of the table agree in the main with those of table 
IX of Comm. N’ 78°. A and B have the same meaning, ( denotes 
the temperature Z, of‘ the piezometer-reservoir in the bath, and the 
temperatures Zi», Z.. and Zyq in the order of the parts Us. Ur, and 
Us. (see $ 8) of the glass stem in the eryostat above the bath. The 
temperatures given in this column are to be considered as constant 
throughout the determination, and have, therefore, been mentioned 
only once. D gives the temperature f, of the waterbath round the 
stem Ö,, E the temperatures £,', z," and Z," of the thermometers 
placed along the. steel capillary. The temperature of the part Us, 
that projects above the eryostat is put equal to !,. The columns A, 
G and H have the same meaning as in the above mentioned table. 
In column X the indication of the float in the eryostat has been 
given. All lengths are in ems. 

These readings are corrected in the same way as was followed 
for table X of Comm. N. 78°. These corrected values are given in 
the following table. The two readings of the piezometer have after- 
wards been united to a mean after reduction. 
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TABLE IX. A,, Series III. Determination at about — 213° C. 
Corrected and recaleulated data. 


A B C D E F G TS ER 
m NM 
Manometer mean 115.5]03.97 19.95 
Temperatures t,,t,t; —2130|20°.70/189.6 
top —188° 
t2e — 989 | 
t24 — 11° 


28.634/0.135 82.3 


Piözometer 
238.631 |0.132 


Surface of the liquid | Al) 


The eolumns from Ato 7 (H ineluded), have the same meaning 
as those of table X of Comm. N°. 785. K denotes tlıe position of 
the liquid level above the boundary of the piezometer-reservoir and 
the glass stem, derived from the indications of the float. 

From this the following table is obtained, which gives the cor- 
rections of volume and pressure required for the calculation of poa. 
It corresponds to table XI of Comm. N’. 78. 

The volumes of the parts of the glass capillary with their correc- 
tions have been separately given. Moreover the corrections w', and 
h have been added, the former is a consequence of the packings 
being pressed down at g, and g,, the latter accounts for the weight 
of the compressed air in the connecting tube between the manometer 
and the piezometer. The vertical distance of the levels of the mercury 
is about 0.5 meters. Instead of the mean coefficient of expansion k, 
the double term %,—+%,t has been assumed (ef. $ 8) for the 
computation of the correction ,. 

Here we must point out that as standard temperature {, for the 
reduction of the parts into which the glass capillary is divided, 
—+- 20° has been assumed, so that the differences £,—t, are not very small 
here. The method of interpolation applied in Comm. N’. 78 for 
small values of {,—t, will be used as soon as we have tables 
for d,,, at our disposal. The values have been directly determined 
here by caleulation. 
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| > r * 
| TABLE X, /,. Series III. Correetions and | 


final result. 
(Bi == 4.4904 em’. pm = 61.004 atm. 
ee — 0.0003 » Hyv= 0.434» 
wa 0000 eg 
u = — 0.0104 » 
us = 0.0018 » u'3 — — 0.0005 cm?, 
Una = 0.0018 » U2a — 0.0059 » 
U = 0.0020 » un = 0.0049 » 
Ux = 0.0025 » U — 0.0024 » 
Ua = 0.0129 » wa 0.0015  » 
ER 0.0190 » ul — 0.0001  » 
wı = — 0.0239 » au — 0.0012 » 
(pva)t, = 0.18863 t, = — 412.82 
(PvA) _9490 89 — 0.18863 for p = 61.434 atıns. 


The total value of the correction of the stem appears to be very 
small, so that we might apply the law of Gay—Lussac down t0-— 217° 
without introducing appreciable errors. 


$ 10. Values of pva. 

The values of pv4 obtained in this way for the different determi- 
nations have been represented for the isotherm of —212°.82 in the 
following table. The values in the last columm refer to the redue- 
tion to the standard-temperature Z, (cf. the conelusion of $ 8). 

The values of this table have been obtained, as appears from 
table IX, by caleulation with the mean values of the separate read- 
ings. The deviations in these separate readings which may be due 
both to oscillations of the pressure and the temperature and to errors 


5 Ä 1 
in the readings themselves, amount nowhere to more than 3000: 


The result found for about the same point at the beginning and 
at the end of one determination of an isotherm are in very good 
accordance, as moreover is to be seen by comparing observation 
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TABLE XI. A,. Results for the isotherm of —212°.82. 


| | er 
N® tı & p prA da «pva) 
| a ey 
17 — 2° .98 30.591 0.109406 157.64 0.00458 
; 18 35.426 0.19134 185.15 0.00473 
Series II 
19 330 0.19264 471.68 0.00465 
20 30.554 0.19405 157.46 0.00458 
— 9122.89 51.632 0.18767 375.12 
Series III 
61.434 0.18863 325.68 


N’. 17 and N°. 20 of table XI. The results are reduced to the 


same standard-temperature by means of the values of | 


given in the last column. 

In table XII the results obtained in this way are also given for 
the remaining isotherms. Those belonging to series I are less certain 
and will be repeated. 

The results obtained at the beginning and at the end of a determination 
of an isotherm at about thesame density have been united to a mean. 

For every temperature we have added to the results of the deter- 
minations of isotherms those of the readings of the hydrogen-ther- 
mometer to which the former are in direct relation. 

The numbers do not agree with those of the preceding table, 
because some determinations have been united to a mean, for which 
reason they are indicated by ( ). 

The points of the hydrogen-thermometer have been obtained in 
the following way. From ScHALKwIJK’s determinations of isotherms 
follows for 20° C. 

pva = 1.07258 + 0.000667 da + 0.00000099 d4?. 

If we suppose the mean pressure-coeffieient from 0° to 20° not 
to deviate appreciably from the value 0.0036627 between 0° and 100°, 
which is permissible on account of the insignificant deviations of 
the indications of the hydrogen-thermometer of constant volume from 
the absolute scale, it follows from this that: 

(pvA) 0°, 1100 mm. — 1.000275. 

The value given in Comm. N’. 60 having been taken for the 

pressure-coefficient of hydrogen for the caleulation of the hydrogen 
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TABLE XIL, 4, 


Values for (po), 


N®; ts p pvAa da 
H, therm. (1) | — 1039.57 | 0.8°6 | 0.62082 1.444 
(2) 32.985 | 0.63467 | 51.974 
Series I (3) 39.659 | 0.63765 | 62.19 
(4) 49.897 | 0.642974 | 77.632 
H, therm. (1) | — 135°.71 | 0.727 | 0.50307 1.445 
(2) 23.592 0 .51064 | 55.991 
Series I 
(3) 33.437 | 0.512598 | 65.231 
H, therm. (4) | — 182.8: 0.479 | 0.23051 1.448 
| (2) 46.572 | 0.32700 1142.42 
Series II 
(3) 55.293 | 0.32822 1168.46 
H, therm. (4) | — ?95°.27 | 0.413 | 0.2*486 1.449 
(2) 40.599 | 0.27367 1148.35 
Series II ( (2) 45.481 | 0 27337 1166.36 
(4) 49.998 | 0.27343 |182.85 
Hz therm. (1) | — 2049.70 | 0'363 | 0.250831 1.449 | 
(2) 35.487 | 0.23189 1153 03 
Series II { (3) 38.640 | 0.23097 167.30 
(4) 42.438 | 0.23010 1184.43 
Series III (5) 61.97 ! 0.23009 269.10 
H, therm. (1) | — 212°.322 | 0 320 | 0.22056 1.450 
(2) 30.689 | 0.19480 1157.64 
Series II ( (8) 33.200 | 0.19339  |171.68 
(4) 35.566 | 0.192410 1185.15 
ee | (5) 51.632 | 0.18767 1275.12 
(6) 61.434 | 0.18863 1325 68 
H, therm. (1) | — 2179.41 0.295 | 0 20375 1.450 
(2) 46.449 | 0.163841 |283.81 
Series m (3) 52.898 | 0.16336 1323 80 
(4) 58.971 | 0.16424 1359.04 
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thermometer-temperatures, the value of pva at t, now follows from 
the formula 
(pr), = (pe) (1 + 0.0036627 t,). 


$ 11. Probable error of a determination. 
The mean error in the calibration of the large volume of the piezo- 
2 1 
meter may be estimated at # 1080 As to the volume into which the 
gas is compressed during the measurements, the greater density 
of the gas in the reservoir at low temperatures may be allowed 


1 
for by reckoning only with 5 of the amount of the volumes at the 


temperature of the room. The errors in these volumes being predo- 

minant with respect to those in the volume of the piezometer reser- 

voir, the mean error for measurements below —180° with piezo- 
1 

meters of 5 c.M? may be put equal to £& ac of the compressed 

volume in accordance with the degree of accuracy as was caleulated in 

Comm. N°. 69, where for measurements at the ordinary temperature 


1 
the mean error is estimated at + ON for piezometers of 5 c.M?. 


1 
— z ror willbe & ——. 
For —100° the mean error wi a6 
The mean error of the determinations of the normal volume is 


-_ that of the measurements of the pressure may also be 


1 
1 I = 
estimate 3000 
In the determination of the temperature there is no appreciable 
error. The observations made for one point show that the mean error 


due to variations of temperature and faulty readings of the position 


1 
5000° 
The mean error of the determination of temperature in the stem 


of the mercury in the stem, may be put smaller than + 


1 
F ee 
remains below 5000 


The mean error caused by all these sources of errors together 


I 
amounts to & es for piezometers of 5 c.M.’ and not very low 


1 : 
temperature, t0 Pi for larger piezometers and very low tempe- 
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ure. The different points on one and the same isotherm must 
show smaller diserepaneies inter se than corresponds with the 
said mean error. The mean error namely, for a determination, apart 
from the errors in the determination of the normal volume and the 
cealibration of the large volume is # from a to & ERTN 

All this does not apply to the isotherms of — 103°.57 and 
— 135°.71. These belonging to series I are the earliest determina- 
tions and for different reasons less accurate than the later ones. 


$ 12. Provisional individual virial coefficients. 

If the temperatures had not been given as readings on the hydrogen- 
thermometer of constant volume at 1100 mm. pressure, but on the 
absolute scale, the coefficients A4, Ba ete. caleulated from the equation 
2 Fe ee 

ER Ren 


2 TE 0 


B4 CA 
pwa= AL H — + —4 
vA v’4 


with the values of pv4 from table XII, could be immediately com- 
pared with those derived in Comm. N°. 71). However, this is not 
the case, because the latter relate to the absolute scale of tem- 
perature. From the outset it has been our purpose to derive the 
correction of the hydrogen scale on the absolute scale experimentally 
from our measurements themselves. This might be attained by first 
neglecting the correction, and by caleulating provisional values 
DAR ‚etc. for. each of the isotherms, which serve then for 
finding provisional corrections for the hydrogen-thermometer; after 
this the caleulation is repeated with the corrected temperatures, ete., 
till further repetition would not bring about any change. A similar 
treatment has been applied for the determination of the corrections 
of the readings of the hydrogen-thermometer to the absolute scale, 
where we purposed to draw through the observations for every isotherm 
a curve, which does not only correspond as closely as possible to 
the observations, but also to the general equation of state. In this $ 


!) We must call attention to the fact that in the caleulations of Comm. NP, 71 
we began by taking 273°,04 by first approximation for the absolute zero-point ; 
we should find the correctinn to this from the results of the caleulations of iso- 
therms, and then proceed to a second approsimation. We have still retained 
273°.0% in VI. 1 Suppl. N0.8 and in VI. 2 Comm. NP, 92, Since then, however, 
a set of cuefficients VII. 1, which will be published in the following communi- 
cation, have been caleulated with the further approximation for the absolute tem- 
perature, viz. the more accurate value 273°.09, and correetions have, moreover, 
been applied in crilical quantities ete. 
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the method of least squares has been applied direetly to the indivi- 
dual isotherms, in order to obtain a formula which represents the 
observations as aceurately as possible. 

The number of points on each isotherm not being large enough 
for all six coefficients to be determined at once, definite values were 
assumed for the last three values. F4 was put = 0, and values 
were calculated for Di and Zu from the sets of eoefficients VIL.1 '), 
which was chosen instead of V of Comm. N°. 71. This assumption 
means, that a definite course was prescribed for the isotherms at 
higher densities, which corresponds as closely as possible to the 
law of the corresponding states. The results of these caleulations are 
laid down in the subjoined table. D4 and Eu are the values assumed 
for the caleulation according to the above. 


TABLE XIII. 7,. Provisional virial coefficients. 


ts | A'ı 103.B’a 109.04 | 10". Da | 208, 214 
— 103°.57 0.62048. 0.242971 0.5584 0.9113 -— 0.648 
— 135°?.71 [0.50303 0.03234 1.7974 0.7028 — 0.408] 
— 182.81 0.33063 — 0.08384 0.4021 0.3809 — 0.088 
— 195°.27 0.28503 — 0.13051 0.3565 0.2892 — 0.016 
— 204° .70 0.25058 — 0.418030 0.3710 0.2166 0.031 
— 2120.82 0.22090 — 0.22433 0.3668 0.1514 0.066 | 
— 217°.41 0.20410 — 0.235013 0.3715 0.1122 0.082 


It appears from the table, that the coefficients of the same column 
vary regularly with the temperature, except for — 135°.71, for which 
we may account by taking into consideration that the two piezo- 
meter-determinations which had to be used for the caleulation, lie 
so close together, that a slight difference in their relative situation 
already produces a large difference in B'4 and (4. 

By the aid of the coefficients the values of pv4 were determined 
anew according to formula (1). The divergencies for every isotherm 
between the assumed values of pva, W; and the A,; caleulated with 
Aa, Ba and ("4 (pva—=1 for 0’ and 760 mm.), where i indicates 
the number of that observation in table XII, have been represented 
in the subjoined table. 


') For the caleulation of D.t and E4 the uncorrected reading of the hydrogen 
Ihermometer was used (see preceding note). 
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TABLE XIV #,. Deviation from formula (1). 


405 (Wi—Rai) in ®/, of Rei 

ts =1i=2i=3i Ali=s5i eb ei Veh edieih=5 6 
— 1039.57) —1 |.+7 | —9 | +3 0.001|0.01110.015/0.005 
—135°,71 
— 1822,81 
—1959.27| +41! +1! —ı | +42 N.00410.604,0.014/0.007 
—204°.70| —1 | +9 | 0 | -9| +4 0.0040 .036\0.000/0.036/0.004 
—212°.82| —2 | +5 | +6 | —2 | —17| +10|0.007|0.022|0.027|0.009|0.077|0.045 
—217°.41| 0 0I|—3|-42 0.001'0.000/0.014/0.010 


The isotherm of — 212.°82 is best adapted to give an idea ofthe 
accuracy of the mutual agreement on account of its larger number 
of points. The agreement proves very satisfactory. The upper limit 


1 
rror may be put at 2} 
of tbe mean error y p ER 


$ 13. Minima of pv. 
By means of the coefficients of table XIII the following minima 
of the pv-curves were derived from the data of table XII. 


TABLE XV. A,. Minima of pvi. 
ts pvA da p W-—R, 
nnd Eu 12 un N m a ee me 

— 182°,81 0.32630 102,927 "3.36 — 0.08 
— 1952,97 0.27338 174.45 47.69 + 0.50 
— 204°.70 0.22935 Birken 52.10 — 0.75 
— 9120.89 0.18780 985.55 53.03 —+ 0.236 
— 479.4 0.16335 81510, 81.57 —+ 0.08 


m 1 a I 3 
By means of the method of least squares the coefficients of a 


parabola 
P=P,+P (pa) + P, (pva)’ 
have been caleulated from these data '). They are: 


1) It is to be remarked that the less certain isotherms of — 104° and — 1369 
are not used in this deduction. 


VI. Isotherms of hydrogen 


C. and 217° C, 


gases and their binary mixtures. 
104° 


KAMERLINGH ONNES and C. BRAAK. Isotherms of di-atomic 
between — 


h 
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P, = — 2.623 
P,—= 552.610 
P, = — 1354.86. 


The differences W—R, between tlıe given values of p and those 
caleulated with these coefficients have been represented in the last 
column of table XV. They amount to little more than } atmosphere. 
The results given in the table have been reproduced in a diagram 
on Pl. II‘); the curve traced there is the caleulated parabola. 

It follows further from the values of the coeffieients, that the 
parabola cuts the ordinate p—=0 in two points, where pv4 is respec- 
tively 0.00480 and 0.40307, from which follows with the formula ®) 

(pva)r — 0.99939 {1 + 0.0036618 (T — 273°.09)} 
for the corresponding temperatures measured on the absolute scale, 
Il 3 210 

The top of the parabola lies at a pressure of 593.73 atms. the 
value of pva is here 0.20394, from which follows, in connection with 
the value of ( 

dt 
0.0053, for the absolute temperature of the isotherm which passes 
through the top that 


) determined from the isotherms, viz. 
p =53.73 


T— 68°.5.°) 


Physics. — “On the measurement of very low temperatures. XIV. 
Reduction of the readings of the hydrogen thermometer of 
constant volume to the absolute scale.” By Prof. H. KAmerLıngGH 
Onnes and C. Braax. Communication N’. 97? from the Physical 
Laboratory at Leiden. 

(Communicated in the meeting of Jan. 26, 1907). 


$ 1. Introduction. 

As it is till now diffieult to obtain pure helium, and very 
easy to obtain pure hydrogen (cf. Comm. N’. 94/, June 1906), 
the scale of the normal hydrogen thermometer (that with constant 
volume under a pressure of 1000 m.M. of mercury at 0°) is for the 


1) The temperatures have been given in absolute degrees below zero. The 
temperatures noted down on the plate undergo slight alterations on account of a 
more accurate calculation of the corrections to the absolute scale. They become 
1030.54, —135°.67, — 182.75, —195°.20, —204°.62, —212°.73 and —217°.32. 

2) This value of A 40 has been calculated from ScHarkwik’s determinations of 


isotherms (cf. the conclusion of $ 10). 
3) In this the corrections to the absolute scale have been taken into account. 
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present, just as when it (1896) was first mentioned as the basis of 
the measurement of low temperaturss at Leiden in the first com- 
munication (N'. 27) on this subject, still the most suitable temperature- 
scale to determine low temperatures down to — 259° unequivocally 
with numerical values, which come nearer to the absolute scale than 
those on any other scale. It is therefore of great importance to 
know the corrections with which we pass from the normal hydrogen- 
scale to the absolute one. 

As is known they may be calculated for a certain range of tem- 
peratures, when the equation of state for this region of temperature 
has been determined at about normal density. Up to now we had 
to be satisfied for that calculation for the hydrogen thermometer 
below 0° with equations of state of hydrogen obtained in a theore- 
tical way. BERTHELoOT ') derives them by means of the law of the 
corresponding states from experimentally determined data of other 
substances in the same region of reduced temperature. CALLENDAR ?) 
modifies van DER Waars’ equation of state so as to render it adapted 
to represent the results of the experiments of JouLe—Keıvın for air 
and nitrogen as well as those for hydrogen between 0° and 100°, 
and supposes that a same iorm of equation holds also for hydrogen 
outside this region. Chiefly this comes to the same thing as the 
application of the Jaw of the corresponding states, albeit to a limited 
group of substances. Though such theoretie correetions as have been 
given by BERTHRLOT and CALLENDAR are a welcome expedient to help 
us in default of other data °), yet an experimental determination of 
these corrections remains necessary. 

We have obtained them in this research by using the isotherms 
of hydrogen between —104° C. and —217° C. given in Comm. N®. 97a, 


!) Sur les thermomötres A gaz, Travaux et M&moires du Bureau International, T. XII. 
2) Phil. Mag. [6] 5, 1903. 


®) WRropLewskr’s determinations ‘of isotherms at the boiling point of ethylene 
and oxygen are not accurate enough for this purpose. In the results found for 
the last temperature this is immediately apparent from the irregular situation of 
the points on the isotherm. The values obtained at the boiling-point of ethylene 
give more harmonious results. And yet a correction on the absolute scale would 
follow from them which has the wrong sign, viz. — 0°.07. 

At the temperature of liquid air Travers has determined the difference of the 
hydrogen thermometer of constant volume and constant pressure, from which we 
may also derive the corrections to the absolute scale for these temperatures. It is 
obvious that this derivation cannot be very trustworthy. 

Further it is now possible (see $ 1 of Comm. N!?, y7a) to derive data on the 
expansion of hydrogen at low temperatures from the determinations of Wırkowskıi: 
they will be discussed in a following communication. 


7) 


For the caleulation of these eorrections at a definite temperature 
we might start from the individual virial eoeffieients in the development 
into series of the equation of state (ef. Comm. N’. 71, 1901), which 
we have derived in $ 12 of Communication N’. 97a, The results 
obtained in this way show really a regular eourse'), in spite of the 
small number of points on the isotherms. 

However, we wished first to adjust the results of the separate 
isotherms by general formulae of temperature. Both in this case and 
in general it is very diffieult to succeed in this by application of 
one of the equations of state drawn up in a finite form. Very 
suitable for such a purpose is the general develorment inte series 
(or more strietly speaking, development into a polynomial), which 
has already been mentioned frequently. We chose for this the 
form VIl. 1 (ef. the footnote to $ 12 of Comm. N’. 97°). The 
adjustment takes place by caleulating for every isotherm modifications 
in B and (©, AB and A(, which we call individual AB and Ze: 
with an approximate value of the correction to the absolute scale, 
by then representing the values of AC by a general formula of the 
temperature, and by computing new values for AB by successive 
approximation in such a way that the value for the correetion on 
the absolute scale corresponds to the assumed value of 7. Finally 
also the values of AD were represented by a general formula of 
the temperature. 

If we put the new values of B and C obtained by the aid of 
these corrections, which special values we denote by VII. H,. 1 in 
the polynomial of state, then this represents at the same time the 
determinations of isotherms of Comm. N’. 70 at 20° very satisfactorily, 
and those of Comm. N°. 78 at 0° and 20° by approximation. 

By means of these general expressions the reductions on the absolute 
scale have been carried out. 

If B and (are known there is another way to derive the absolute 
temperature from the observations with the hydrogen therınometer, 
than by applying the corrections which lead from the hydrogen 
scale to the absolute temperature scale. In the calculation of the 
temperature from the observations we may namely take at once into 
account, that the gas in the thermometer does not follow the law of 
BoYLE-CHarLes, but that pressure and volume are connected in the 
way, as is indicated by the development into series with the corrected 
values of B and (. The formula which may serve for this purpose, 
is given in $ 5. 

1) Only the isotherm of — 135°.71 gives a devialing result. (See te conclusion 
of $ 12 of the preceding communication). 
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$ 2. Reduction of the readings of the hydrogen thermometer of 

constant volume to the absolute scale. 

If v is the volume of the gas in the therinometer, expressed in 
the theoretical normal volume, p the pressure in atmospheres, 7’'the 
absolute temperature, the equation of state for the thermometer gas 
may be written in the form: 


Dos 
p=Ar(1 - z - 2) ’ . . B . « (2) 


[2] 


Further we put: 
t the temperature on the scale of the hydrogen thermometer of 
constant volume 
and 
T— Toc0.—=46. 
it is determined by | 
u ABO AB 
(pr), 7) 
where «, represents the mean pressure-coeflicient between 0° and 
100° for the thermometer with the specifie volume v. This is given 
(Pr)io0 ne (po), 
If we represent the correction on the absolute scale by: 
Are de 
we may write for this: 


(T_T,) En B'\o0— T,B', EB ana uch) ee T,B', & ER 7.00) 
R er 
100 0 100 o2 & * 
SZ | 5 7 3 
14 mBoo—ToBh , FimCoo—To@, (3) 
100 v 100 v2 


In agreement with what may be derived from the mean equation 
of state VII. 1, it appears from our determinations, that the influence 
of G’r is very slight, and down to — 217° does not amount 
to more than 0°.0003, so. that it has not to be taken into 
account. Therefore in what follows will be put O’r—0, as is also 
done by BrrrnueLor but without proof. 

For the absolute zero point the value 273°.09 ‘) is assumed, from 


!) From Amasar’s experiments with the development into series of Comm NO. 71 
(ef. the note to $12 of Comm. N. 97°) 1.26 X 10—5 was found for the different 
between the pressure-coefficients of nitrogen at 1000 mm. pressure and O mm. pres- 
sure, from which follows with Caarpvis’ pressure-coefficient for 1000 mM., i. e. 
0.0036744 the value 0.0036618 for the limiting value at O mM. pressure, corresponding 
to the absolute zero point — 273°.09. In the same way hydrogen gives for the 
difference of the pressure-coefficients at 1090 mM. and O0 mM. 2.1 x 10-6, which 
with the pressure-coefficient 0.0036629 given in Comm. NP, 60 (see XV) gives 
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which follows A17=0.0036618 7, Tjex. —=273°.09 and T\00°0.=373°.09. 
For the reduction of the data given in Comm. N°. 97a to the 


theoretical normal volume the value Zope 0.399939 was taken, borrowed 
® 


from the determinations of isotherms of Comm. N’. 70 (SCHALKWIJK). 
The values of B, and B',. have been derived from the same 
determinations of isotherms'!) by the aid of the pressure-coefficient 
0.0036629 (see XV at the end of this Communication), neglecting 
the correction to the absolute scale for 20°. These values are: *) 
B', = 0.000607 B',. = 0.000664 
The values of B'r were found from the VII. H,.1 already 
more fully discussed in $ 1, which gives in a reduced form °) 
1 1 1 
10% = + 173.247 t — 462.956 — az + 384.2458 a er 
whereas VII.1 gives: 
1 1 1 
10% — 157.9500t — 305.7713.— uns — 97.5686 za 4.2530 rn 


From this the values of D’r have been calculated for the standard 
temperatures of the isotherms. 

The subjoined table contains in the first column these standard 
temperatures i, measured on the scale of our hydrogen thermometer,*) 


the limiting value 0.0036608. The same value as was found above fronı nitrogen, 
was derived by Bertueror (loc. eit.) from Cnarpuis’ results for nitrogen and those 
for hydrogen obtained with a thermometer-reservoir of hard glass. In the same 
paper he derives the value 273°.08 for the absolute zero-point for the case that 
also the less concordant results found by Cuarpuss for hydrogen with a platinum- 
thermometer are taken into account. Afterwards (see Zeitschrift für Elektrochemie 
N’. 34, 1904) the first mentioned value 273°.09 is again found by taking the 
mean of the above values for nitrogen and hydrogen, and those which may be 
derived by means of the experiments of Keıvın and JouLr. 

1) Compare the conclusion of $ 10 of Comm. NP. 97a, 

2) The values found by CGnarpvuis are resp. 0.000579 and 0.000606. 


Those of Wırkowskı are 0.000616 and 0.000688, 
Those derived in Comm. NP, 71 from the 
observations of AmAGAT are 0.000669 and 0.000774. 


3) According to DewAR, pA=15 atms. and Tr=29% are used for the calcula- 
tion, which also served for the derivation of VI. 1. 

Further have been put A40 = 0.99939 and Aa= 440 (1 + 0.0036618 2). 

4) The slight differences with the value of table XII of Comm. NP, 97a are 
due to a correction (see XV) in consequence of the application of the improved 
pressure-coefficient 0.0036629 and the influence of the dead space on the deter- 
minations of the temperature, which will be more fully discussed in the last part 
of this communication. 
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in the second column the same temperatures measured on the absolute 
scale. The two following eolumns contain the corresponding values 
of the special B’7 and of the corrections to the absolute scale A % 
caleulated according to formula (2) for a hydrogen-thermometer of 
constant volume witlı 1090 mm. zero-point-pressure. The last column 
gives the corrections for the normal hydrogen-thermometer. 

The values for — 103°.56 and — 135°.70 ’are less certain than the 
others (compare $ 10 and $ 11 of the preceding communication). 


TABLE XVI. ‘H,. Corrections to the absolute scale. 


t 9 B' „10° At At 


— 1039.56 | — 103°.54 | + 0.7892 0°.0214 0°.0196 
-- 1359.70 | — 135° .67 | Rn 0.2368 0°.0316 | 02.0290 
— 189,80.) — 189,5 1 — 0.837 | 0.50 0° .0486 
— 195°.26 | — 195°.20 | — 0.4734 0°.,0611 . 1,0%:0561 
— 2049.69 | — 204°.62 | — 0.7244 07.0683. | 02.0637 


! 


— 24% ,811)| — 2129.73 | — 1.0112. |. 00.0752 0°.0690 


\ 


— 2170,40 | — 2479.32 | — 1.2167 0° .0796 0°.0730 


With very close approximation the results of the last column may 
be represented by the formula: 


za) tel) +) 
ne er +5) ä 460) DD 


a= — 0.0143307 
b— -1- 0.0066906 
ce = + 0.0049175 
d— - 0.0027197 


The greatest deviation is three units of the last deeimal. 
The formula gives the value At—=0, botlı for = 100° and for 
t=0°, while At= + 0°.14 would follow from it for t=-— 973°. 


where: 


$ 3. Accuracy of the corrections. 

The influences which may cause errors in the corrections, are of 
two kinds. 

1. Errors in the values of Br. 

2. Errors in the data which have been used in the further derivation. 


1) The difference with Comm. N®. 97a remaining after the correction of. the 
preceding note is the consequence of an improvement applied in the calculation. 


( 781) 


The latter may be reduced to the error in B', and the difference 
of the pressure-coeflicients used for the density —0 and that at 
0° and 1090 mM. If for the mean error in B', we compare the 
values of D', which may be derived from the data of Comm. Ns. 70 
and 78 and from those of Cnarpvis, a mean error of + 0.000034 
(about agreeing with the error per cent derived for the pv in$ 11 
of Comm. N°. 97«) follows from their deviations inter se, which 
corresponds with a mean error of + 0°.008 at — 100° and of 
= 0°.003 at — 200° for At. 

We may further assume that the mean error in the pressure- 
coefficients 0.0036618 and 0.0036629 amonnts to one unit of the 
last deeimal for the first and to two units for the second, which 
corresponds with a mean error in At of # 0°.003 and + 0°.006 at 
— 100° and of # 0°.005 and # 0°.011 at — 200°. 

lf we further put the mean error in B'r equal to that of B',, a 
mean error in At corresponds to this of # 0°.006 at — 100° and 
of # 0.002 at — 200°. 

The total mean error in consequence of all these mean errors 
together will amount to #0°.012 for —100° and #0°.013 for — 200°. 


$ 4 Comparison of the results with those which have been theore- 
tical'y derived. 
Table XVII contains the corrections concerning the normal hydrogen 


TABLE XVII. M,. Corrections to {he absolute scale. | 
At Al 
ra 2 ale haare be 
values üoe a Callendar | Berthelot, | values 
_ 103°.56 220°.0106 | 0°.0017 || — 10° 09.00021 0°.0015 
— 135°,7 | 0° ‚0290 0°.0032 || — 20° | 0°.00048 | 0°.0031 
—1822.807, 02.0486 07.0082 || — 50° 0°,.00164 | 0°,7082 | 
— 1950.26 | 0°.0561 | 0°,0108 || — 100° ' 0?.0054 0°.008 0°.0187 
— 204°.69 | 0?.0627 | 0°.0136 || — 150° 0°.0139 | 0°.0337 | 
2.919°.81 | 09,06% : 09.0168 || — 200° | 0°.0311 0°.06 0°.0593 | 
= 917192.10u14. 0520730 | 02.0192 1 — 240° 0°.18 
240° | 09.0470 || — 250° | 09.1005 
| —- 950% | 0°.0925 


53* | 
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thermometer. Besides the above mentioned values of At, which were 
directly found from the observation it contains the corrections deter- 
mined according to the serial formula VII. 1 and those caleulated 
by CALtenpar and BertHeLoT. Moreover in the last column the 
corrections, which may be calculated from the experimental values 
adjusted with VII. H, according to formula (4) are given for a 
comparison. 

Besides the corrections derived from this investigation for the zero- 
point-pressure of 1000 m.M., also the values found by BERTHELOT 
and ÜCALLENDAR are represented on the plate. The three curves have 
been indicated by I, II and III in the above mentioned order. Also 
II and III refer to a zero-point-pressure of 1000 m.M. 

The values derived by CALLEnDar and BERTHELOT by means of 
the law of the corresponding states appear to deviate systematically 
from the experimental ones. With regard to the correetions according 
to VII. 1., in the derivation of which formula agreement in the 
region of the equation of state (between 0° and — 217° for hydrogen) 
treated here, was not aimed at, we may observe that a modification 
is required for VII. 1 to give as good an agreement as possible also 
in this region. In the first place this agreement would require that 
for the caleulation of VII. 1 those values were assumed for the 
eritical quantities of H, which follow from the data of Comm. N°. 97«. 
They are p —=15 atms. and 7, —=43°. This value of T,. would 
considerably increase the corrections given in table XVII according 
to VII. 1. 


$ 5. Formula to derive the temperature directly from the obser- 
vations with the gas thermometer of constant volume. 

We suppose that the correction for the difference in pressure at 
the mercury meniscus and the thermometer-reservoir in consequence 
of the weigbt of the thermometer-gas is applied to Hr, and that 
it is so small that it may be neglected for the small volumes. 

The fundamental formula for the reduction is "M 


p=Ar (1+ a =) 


® 
which may also be written in the form : 


mare). BERN 


We start from this latter formula. The equation for the gas-ther- 
mometer (cf. formula (1) of $ 5 of Comm. N°. 95°) becomes now : 


) Here v is expressed in the theoretical normal volume and hence ArT= 
=1-+0.0086618 5. We call the value for 0° C., at which 6=0, Ar. It is l. 
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Fr ‚t4k, er Pt Hy 
A,Q+BrHr+On IP)" A,04+Br 3) 5 
2 tg‘ T. 
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2 u, g u, f u, | 
A (p) 4 ) \ EN ken 
„O+Be,H,) A, HBRR,) A, O+BrH,)_ 


Aa Au H,+- € “ H)) A +Br H,) 


Beer Be B,tw+tu, tu" + u," u | (6) 
This formula holds also for the carbonie acid thermometer up to 
the number of decimals given by Cnappuss. In XV we shall further 
diseuss the deviation of the formula used by Cnappurs. 
With a sufficient degree of approximation the formula for the 
determination of the temperature down to 0°.001 with a hydrogen 
thermometer of 1100 m.M. zero point pressure and a dead space 


u 
Bl may be written in the simpler form: 


[e} 
En [ Vütktthr)tBtn ,  W | 
a Anl H,) 1+0.00366,' 
RR u, u, in 
+ 1-+0.00366 t," £ 1+0.00366 t, 1+0.00366 -| I: 
0 a ke hi a u in 
Er A, (1+Br H,) 10.003866 x15 | 
“ 0 


. . » (p' . 
First an approximate valne may be assumed for BF. With the 
approximate value of the temperature found in this way a better 


yp\ . . 
value of B7 may be determined, and the correction term for the 
expansion of glass caleulated. 
Thus we find Ar, from which the value of 6 follows through 
ArT— An, 


0.0036618 


NV. Influence of the deviation from the law of BoYLn—ÜHARLES 
on the temperature, measured with the scale of the gas thermo- 
meter of constant vohıme according to the observations with 
this apparatus. 


$ 1. When the formulae are drawn for the caleulation of the 
temperature on the seale of the gas thermometer of constant volume 
the variation of pressure of the gas both in the thermometer-reservoir 
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and in the dead space has as vet (see e.g. Cuarpurs) been generallv 
entered into the caleulation. as if it took place at perfectlv constant 
density. 

The error committed in this way, is so slight for the permanent 
gases for small values of the dead space, that it manifests itself 
only in the last of the decimals given by Cnarptis. For CHappuıs’ 
carbonic acid thermometer, however, it attains an appreciable value 
(the influence extends here to the last decimal but one), so that it 
was of importance to examine in how far it is permissible to neglect 
it. This appears when Cnarpris’ formula is more closely compared 
with formula (6) of XIV. 

The density not being constant, either in the thermometer-reservoir 
nor in the dead space, on account of the fact that e.g. at low tem- 
peratures gas passes from the dead space to the reservoir, and pv 
as well as the pressure-coeflicient varies with the density, four 
approximations are applied in this treatment (two for reservoir and 
two for dead space), all giving an error in the same direction. 
(Adsorption is left out of account). 

The errors caused by these approximations, are of the same order 
of magnitude for the reservoir and the dead space, the first applying 
to a large volume and a small difference of density, the second to 
a small volume and a large difference of density. The correction 
which is to be applied to the determination of temperature on 
account of these errors, only amounts to — 0°.001 at — 100° for a 
hydrogen-thermometer with 1000 mm. zero-point-pressure and a 
dead space of, 0.017 » to somewhat less for lower temperatures, 
and so it may be neglected below 0°. 

Formula (6) differs from the preceding formula by one corree- 
tion more, which is independent of the size of the dead space, and 
which is the result of the variation of density in the reservoir caused 
by the expansion of the glass. This error is of no importance for 
the determination of the temperature by the hydrogen-thermometer, 
but may exereise an appreeiable intluence in some cases. (ef. $ 3). 

The approximations mentioned have also an influence on the deter- 
mination of the mean pressure-coeffieient. The discussion, perfectly 
analogous to that for the influence on the determination of the tem- 
perature, gives + 0.00000019 as correetion for our thermometer, 
which remains below the limit of accuracy given in Comm. N’. 60. 
Hence the value 0.0036627 derived in Comm. N®, 60 for hydrogen 
at 1090 mm. changes into the eorreeted value 0.0036629. 


$ 2. We may pass from the temperatures derived in the way 


Prof. H. KAMERLINGH ONNES and C. BRAAK. On the measurement of 
very low temperatures. XIV. Reduction of the readings of the hydro- 
gen thermometer of constant volume to the aksolute scale. 
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mentioned in Comm. N°. 95° to those on the normal hydrogen-ther- 
mometer by availing owrselves of the subjoined table, in which the 
corrections required for this have been given. These corrections give 
an account of the variation in. the assumed pressure-coefficient and 
(with regard to the number of deeimals given) of the influence of 
the dead space. 


TABLE XVII. Corrections for the temperatures 
ealeulated according to Comm. NO, 95e 

to those on the normal hydrogen scale. 
| t At t At 
— 
| — 50° | +0.003 | -— 200° | 400.016 
| 100° | + 00.006 — 20% | + 0.019 
Ar 4500 + 0.010 — 2509 + 0°.020 

| | 


By means of the fifth column of table XVI the corrections to the 
absolute scale are found. Thus the tables XVI and XVIII enable us 
to reduce the temperatures ealeulated according to Comm. N’. 95e 
and used in Comm. N» 95", 95° and 954 both to the normal hydrogen 
scale and to the absolute scale. 

The temperatures {, occurring in Comm. N’. 97°, already corrected 
in the first column of table XVI for the application of the corrected 
pressure-coefficient 0.0036629 and the influence of the dead space, 
are adjusted to the absolute scale by the correetions in the fourth 
column of table XVI. 


$ 3. The values found by Cnappuiss and Travers for the pressure- 
eoeffieient of hydrogen (cf. the footnote to $ 7 of Comm. N'!. 95°) 
are corrected to 0.00366266 and 0.00366297 (number of deeimals 
the same as given by theın). 

For the pression-coefficient of carbonie acid found by CHappuis 
the eorreetion is more considerable and amounts (because the dead 
space iS small here, the correetion on account of the variation of 
density caused by expansion of the glass is here about of the same 
value as that on account of the variation of density by the dead 
space) to —. 0.25 x 10-%, so that the value found by Cnappuis ') 
0.00372624 is correeted to 0.00372599. 


1) Nouvelles Etudes, Travaux et Mömoires du Bureau International. T. XIII, p. 48. 
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Physics. “Oontributions to the knowledge of the w-surface of 
van our Waans. XV. The case that one component is a gqs 
without cohesion with molecules that have extension. Limited 
miscibility of two gases.” By Prof. H. KamErLINGH ONNES and 
Dr. W. H. Keresom. Supplement N’. 15 to the communications 
from the Physical Laboratory at Leiden. 


(Communicated in the meeting of Februari 23, 1907). 


$ 1. Introduction. In the Proceedings of Dec. ’06, p. 502. 
(Comm. N°. 965) it was mentioned that the investigation of the 
y-surface of binary mixtures in which the molecules of one compo- 
nent have extension but do not exert any attraction, would be taken 
in hand as a simpler case for a comparison with what the observations 
yield concerning mixtures Of He, whose molecules are almost without 
cohesion. Before long we hope to give a fuller discussion of such a 
w-surface '). In the meantime some results have already been obtained 
in this investigation, which we shall give here. 

Thus it has appeared, that at suitable temperatures, at least ifthe 
suppositions concerning the applicability Of vAN DER Waurs’ equation 
of state with @ and d not depending on v and 7’ for constant «, 
mentioned in $ 2 hold for these mixtures,’) two different phases 
may be in equilibrium which must be both considered as gasphases. 
Then the two substances which are tlie components of these mixtures, 
are not miscible in all proportions even in the gas state. And if 
certain conditions are fulfilled this may continue to be the case when 
the one component is not perfectly without cohesion, but possesses 
still some degree of cohesion, which, however, must be very slight. 

From the considerations of van Der Waars, Contin. II p. 41 et sag. 
and p. 104, follows that the mixing of two substances in the fluid 
state is brought about in consequence of the molecular motion 
depending on the temperature 7’, and promoted by the mutual 
attraction of the molecules of the two components determined by 
the quantity a,,, whereas the attractions of the molecules of each 
component inter se determined by a,, and a,,, oppose the mixing. 


!) Van Laar, These Proc. May ’05, p. 38, cf. p. 39 footnote l, treated the 
projection of the plaitpoint curve on the v, x-plane for such a mixture, without, 
however, further investigating the shıape of the spinodal curve and o£ the plait. 

) Thie possibility of the oceurrence of a longitudinal plait at temperatures above 
the critical ones of both components was supposed by van DER Waars in his 
treatment of the influence of the longitudinal plait on eritical phenomena. (Zittings- 
versl. Kon. Akad. v. Wetensch. Amst. Nov. 1894, p. 183). [Added in the English 
translation]. 
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If the mutnal attraetion of the moleeules of the two eomponents 1, 
is small eompared with the attraetion of the moleeules of one of the 
components inter se, «,,, Ihe appearance of complete miseibility will 
be determined solely by the moleeular motion, and then the tempe- 
rature will have to:be raised to an amount which, if some propor- 
tions of the 5b’s can oceur then, may greatly exceed the critical 
temperature of the least volatile component, 7, '), and with it the 
eritical temperatures of all mixtures of these components. Thus from 
the equation (a) of van DER Waars, Contin. II. p. 43, follows 
Tın =1.6875 Tı, for the eritieal temperature of complete miseibility 
eV) Aal, a, =Z0 and, b,,;:may: be 
put. At a lower temperature the two substances considered are only 
partially miscible, whereas for such a temperature above 77, there 
may be coexistence of two phases which, as will be further explained 
in $ 3 and 4, are to be considered as gas phases. 

Now it seems to follow from the nature of most of the substances 
known to us, most likely from the structure of their atoms, that 
b,, is also small, when a,, becomes very small; hence for a gas 
without cohesion d,, may not be put equal to db,, of a gas with 
cohesion, and as according to the equation eited of VAN DER WAALS 
a small value of 5,, furthers the mixing greatly, the critical tem- 
perature of complete miseibility cannot rise as high as was derived 
just now. But though most likely the case mentioned just now as 
example does not occur in nature, yet it is certainly conducive to 
a better insight of what is to be expected for gases of exceedingly 
slight cohesion. 


$ 2. The shape of the spinodal curves and the form of the plait 
on the w-surface for binary mixtures of which ome component is «a 
gas with molecules with extension and without cohesion. In fig. 1 
Pl. I the spinodal eurves are represented for such a case. The figure 
refers to the w-surface for the unity of weight of the mixtures, as 
we hope to give a further diseussion of such a w-surface (comp. $1), 
also with a view to the treatment of the barotropie phenomena which 
may oceur for these mixtures ’) in case of a suitable proportion of 
the moleeular volumes of the components, for. which treatment the 
use of the w-surface for the unity of weight readily suggests itself. 
As was also mentioned in Comm. N’. 965, the conditions for 


1) van DER Waars, in the paper cited p. 786 footnote [1], brought this in connec- 
tion with the great amount of heat absorbed at the mixing of such subslances. 


[Added in the Englislı translation]. 
2) Gf. Comm. NP. 96 a (Nov. '06), 96. b (Dec. '06) and 96c (Dec. ’06, Febr. '07). 
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eoexistence may be studied by the aid of the y-surface for the unity 
of weight in the same way as by the aid of that for the molecular 
quantity ; moreover it is easy to pass from the forıner to the latter, 
which offers advantages for the treatment of many problems (ef. $ 6) 
if this is desired. 

The equation of the spinodal curve on the w-surface for the unity 
of weight of mixtures, for which Van DER Waurs’ equation of state 
for binary mixtures with a and d not depending on vand 7’for constant 
x may be applied, and for which a,,=V a, 4, d,.1='/,(b 110 +b,,1) 
(ef. Comm. No. 96c, Dec. ’06, p. 510) may be put, ') runs: 
RR,T”=2R,(1—-a){oya,—b,Va®” +2Raboya,—b,V ap. 

Here R, and k, are the gas constants for the unity of weight of 
the components concerned. For a,, —=0 this equation passes into: 


2 


40 = (1) — (A)? +— ei (1 —e)] 
11 
rm D 
if =r, —=o. The roots of this equation in »& have 
Tr, %k, 


been determined by a graphical way for definite values of x ja} T. 
The figure has been construed for mixtures for which R,/R, — 
ba,/dıı = '/, (ct. Comm. N°. 96c, Febr. ’07, p. 600, footnote 2). 

With reference to Fig. 1 we point out that for T<< T}.. (= 1.299 7},) 
and >77, a spinodal ceurve closed on the side of the increasing v’s, 
and together with it a similar plait, extends on the w-surface from 
the side of the small v’s. At ”’—=T,}, this plait reaches the side or 
the least volatile component. At lower 7 the spinodal eurve has 
two distinet branches, and the plait runs in a slanting direction from 
the line v—=b to the side of the least volatile component. 

Thus the investigation of mixtures with a gas without cohesion 
calls attention to a plait that starts from the side of the small volumes, 
and at lower temperature runs in an oblique direction to the side 
of the figure, which plait can be distinguished from the transverse 
and from the longitudinal plait. 

The spinodal curve for — 1.040 has a barotropie plaitpoint P;. 
(see Fig. 1). For 1.299 <r<1.040 the angle with the v-axis of 


the tangent to the plait in the plaitpoint ?) un for 1.040<T<1 
: ar 
18. 5 The barotropie phenomena for such a plait will be further 


!) The quantities Q], Agg, Ag, dir, Dgg, dig, etc. relate to the unity of weight, 
a”, Agam etc. to the molecular quantity. 
?) Cf. Comm. NP, 960. 
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diseussed in a following communication ‘ef. N°, 96e Fehr. '07, pP. 660, 
footnote 1). 

In Fig. 2 the course of the plait has been schematically repre- 
sented for a temperature between the barotropie plaitpoint temperature 
and the eritical temperature of the first component. The — - — - — 
curves denote the pressure curves, the — — — — curve the spinodal 
curve, the continuous curve the connode. The straight line AD is 
the tangent chord joining the ceoexisting phases A and 3, CD. is the 
barotropie tangent chord (Comm. 965). 


$ 3. Limited miscibility of two gases. For mixtures where as in 
fig. 2 a plait giving rise to phases separated by a meniscus which 
eoexist in pairs, represented in the figure e.g. by A and B, while 
mixtures in intermediate concentrations are not stable, extends on 
the w-surface from the side of the small v’s at temperatures above 
the critical temperature of the least volatile component, we shall 
call not only the phase B a gas phase, for which it is a matter of 
course, but also the other A; so the latter may be called a second 
gas phase, and we may speak of egqwilibria between two gaseous 
mirtures at those temperatures. That there is every reason to do 
so in the case treated in $ 2 appears already from this, that the 
reduced temperature of the phase A, caleulated with the critical 
temperature of the unsplit mixture with the concentration of A, is 
so high that already through its whole character the phase must 
immediately make the impression of a gas phase (so a second one). 

The shape of the p-lines in fig. 2 shows further, how the two 
coexisting gas phases may be obtained by isopiestie and isothermic 
mixing, in which nothing would indicate a transition to the liquid 
state, from the gas phases M and N of tlie simple substances'). 

We shall explain in the following $ that it is really in accordance 
with the distinetion between gas state and liquid state for binary 
mixtures in general, when we call A a second gas phase. 

$ 4. Distinetion between gas and liquid state for binary mixture. 
It is true that since the continuity of the gas and the liquid state 
of aggregation has been ascertained, it may be said with a certain 
degree of justice that it is no longer possible to draw the line between 
the two states, but when in the definition of what is to be under- 
stood by liquid and what by gas we wish properly to express 
the differenee and the continuity in the character of the hetevo- 
geneous region and the homogeneous region and to precelude con- 


1) Ci. footnote 1 p. 792. 
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elusions!) whieh are irreeoneilable with the most obvious eonception 
of phenomena, then the limits allowed for making this definition, 
are very narrow. 

Thus for a simple substance no other distinetion will be possible 
than by means of the isotherm of the eritical temperature, and the 
border curve (connodal curve on GiBBs’ surface), which is divided 
into two branches by the critical state (plaitpoint of the connodal 
curve), of which the branch with the larger volumes is to be defined 
as gas branch, that with the smaller volumes as liquid branch’°). 
Liquid phases are only those which by isothermie expansion may 
pass into such as lie on the liquid branch of the connodal curve, 
and also the metastable?’) phases Iying between the econnodal and the 
spinodal curves, which may be brought on the liquid branch of the 
connodal ceurve by isothermie compression.'). 

For binary mixtures the consideration of the w-surface of VAN DER 
W.aALs leads in many cases to definitions which are just as binding. 


!) So Tuissen’s definition, Z.S. für compr. und fl. Gase 1 (1897) p. 86, 
according to which e.g. strongly compressed hydrogen at ordinary temperatures 
would have to be called a liquid. 


2) This is in harmony with the principle of rontinuity of phase along the 
border curve according to which a change of the character of the phases on a 
border curve can only occur in a critical point. For substances which at tempe- 
ratures near {he critical one, in states represented by points on or in the vieinily 
of that branch of the connodal curve on Gisss’s surface which conneets the 
liquid states at low temperatires with the plaitpoint, should be associated to mul- 
tiple molecules of which the volume is greater than the volumes of the composing 
molecules togetlier, this principle would admit the possibility that on the liquid 
branch of tbe border curve liquid phases should oecur with greater volume than 
the coexisting gasphase,. Such simple substances would then show the barotropie 
phenomenon, till now only found for binary mixtures. There is nothing known 
that points in the direction, of making the existence of such simple substances 
probable but there can be no more given a reason wlıy it should be impossible. 
[Added in the translation]. 


3) The metastable states have not been included in Bourzmann’s definition 
Gastheorie II, p. 45. 


*) We do not accept the principle of the distinction of Leuman, Ann. d. Phys. 
22 (1907) p. 474: “Erst die unterhalb der betrachteten Isotherme liegenden Kurven, 
welche in ihrem S-förmigen Teil unter die Abszissenachse hinunterreichen, ent- 
sprechen walırer (tropfbarer) Flüssigkeit, d. h. einem Zustand, der negativen Druck 
zu ertragen im stande is”, as depending on the meaning that the existence of 
capillary surface tension in liquids which can form drops, would presuppose that 
these liquids can bear external tensile forces, i. e. negative pressures without split- 


ing up (ef. ibid p. 472 in the middle, and p. 475 at the top). [Added in the 
translation]. 
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When diseussing this we shall leave out of account the ease of solid 
states of aggregation and three phase equilibria. 

In the first place gas states are all the states on the y-surfaces 
on which there are no plaits. As criterion to divide states which 
belong to the stable‘or metastable') region of y'-surfaces which show 
plaits, into gas states and liquid states, analogy with the simple 
substance indicates their relation with the eonnodal curves of those 
plaits while for the metastable states the help of spinodal curves is 
to be called in. 

For this first of all the distinetion between the two branches of 
the connodal curve of a plait is required. For in the first place 
we shall have to give the same name to each of the two branches 
of a connodal curve separated by one or two plaitpoints throughout 
its length ?). 

Now, on account of the existence of the barotropie phenomenon we 
cannot simply call gas branch of the connodal curve that at which 
one of the isopiestically connected states has the smallest density ?). 
It is therefore the question to indicate if possibleon each branch a state 
whose nature is already known through the definition holding for 
simple substances or for those which behave as such when splitting 
up into two phases. In this different cases are to be distinguished. 

For the case that the considered plait‘) extends from one of the 
side planes @&=0 or @=1 over the w-surface, follows from the 
definition of gas phase and liquid phase of a single substance that 
the branch of the connodal curve from the gas state of the pure 
substance to the plaitpoint is to be called gas branch, and also that 
the branch from the liquid phase of the simple substance to the 
plaitpoint is to be called liquid branch. The gas branch and the 
liquid branch of the spinodal ceurve may be distinguished in the 
same way as those of the connodal curve. 

Let us restriet ourselves for the present to the distinetion of gas 
and liquid in this case. In the first place we make use for this 
purpose of the isomignie (Comm. N. 965) compression and expansion. 


1) It follows from the nature of the case that unstable states have not to be 
considered here. 

2) Cf. p. 790 footnote [2]. 

3) Even it if we wish to leave gravity out of account, and pay only attention to the 
molecular volume of the phase, the barotropic phenomena have yet called attention 
to the possibility hat we may find the gas volume first larger and tlıen smaller 
than the liquid volume when passing along Ihe same connodal curve. 

4, The case of the two plaits at minimum critical temperature is comprised 
in this. 
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Every phase which cannot be brought on the connodal curve 
through this operation, or if it can, comes on the gas branch, will 
have to be called a gas phase, every phase which is made to lie on 
the liquid branch through isomignie expansion is a liquid phase. 
Besides the phases Iying between the connodal and the spinodal 
curve which isomignically may be brought on the liquid branch of 
the connodal are metastable liquid phases. 

Besides the isothermie and isomignie compression without splitting 
there is another operation already mentioned in $ 3, which may 
help us to form an opinion about the similarity of different phases, 
viz. the isopiestice and isothermie mixing.‘) With regard to this 
phases which have been obtained by isopiestice admixing without 
splitting from phases of which it has been ascertained that they are 
to be called liquid phases, must be called liquid phases until in 
another way, (e.g. because no splitting takes place with isomignie 
compression and expansion) they have been proved to have passed 
into gas phases. ?). 

Proceeding to the case that the plait from higher temperature 
appears as a closed plait on the w-surface, as long as the plaitpoint 
which first comes into contact with the side with decrease of tem- 
perature, has not yet come into contact, and with decrease of tem- 
perature the plait has not yet reached a mixture which on splitting 
behaves as a simple substance, and! for which the distinetion in 
liquid state and gas state is therefore fixed, we shall have to con- 
sider that branch of the connodal curve on the side of this plait- 
point, which passes into that of the gas phase at lower temperature, 
as belonging to the ordinary gas phase, whereas the branch which 
passes into the liquid branch at lower temperature may be looked 
upon as a second gas phase, and we are the more justified in doing 
so as the temperature should lie further above the eritical tempera- 


!) With the continuous isothermic and isopiestic mixing of two similar phases 
a and 5 the case may present itself (divided plait in the case of minimum crit. 
temp.), that an intermediate phase c of the other kind is obtained. So in general 
we cannot conclude to the similarity of c from the isothermic and isopiestie mixing 
of similar @ and b. 

?) This criterion is particularly of application to the retrograde condensation 
2nd kind. For then phases on the connodal curve between the plaitpoint and the 
eritical point of contact are liquid phases, phases on the p-curve through the plait- 
point and phases with the same x as the critical point of contact just the transi- 
tions to gas phases. The phases within the triangle bounded by these two lines 
and the connodal curve are also to be considered as liquid phases. 

Here we abstract from the small uncertainties which would be caused in these 
delinitions when capillarity ought to be taken into account. [Added in the translation]. 
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tures of the unsplit mixtures belonging to the phases Iying on them. 

Whereas in the case, that at a temperature comparatively little 
lower also the other side of the w-surface is reached by the origin- 
ally closed plait, the difference. of the second gas phase with a liquid 
phase is still not very conspicuous, this may become very clear for 
the case of $ 2, to which we have now got at last, that viz. with 
decreasing temperature a plait comes from the side v — b, on the 
w-surface, and the plait appears for the first time as longitudinal 
plait. Now we may again call PBDF the branch of the first gas 
phase, PACE the branch of the second gas phase. It will certainly 
be obvious to speak of gas phases when all the parts of the plait are 
found above the critical temperatures of the unsplit mixtures, and 
we shall deeidediy have to speak of two gas phases, when the 
second branch of the connodal curve is intersected all over its length 
by isomignie lines on which beyond this plait no splitting up occurs, 
or if it is at most touched by one of them in the point v=b. For 
then it is beyond doubt that the final point of that branch must be 
called a gas phase. 

Possibly also phases between the isomignic line of the critical 
point of contact, the line vb. and the second gas branch belong 
to the second gas phase. 


$ 5. The surface of saturation for eqwlibria on the yas-gasplait. 
In fig. 3, 4 and 5 the sections 7’ const. of the p, T, «-surface of 
saturation for equilibria on the gas-gasplait have been schematically 
drawn for a mixture in which one component is a gas without, or 
almost without cohesion, in fig. 3 and 4 for temperatures higher 
than the eritical temperature of the first component, in fig. 5 for 
this last temperature. 

In these figures too the division of a gas phase into two gas 
phases, and the transition of a part of the gas region into the liquid 
region at 7’— T}., is elearly set forth. The — — — — curve isthe 
loeus of the plaitpoints. 

In a following communication, in which the properties of the 
w-surface for such mixtures will be further discussed, 7, x-sections 
ete. will be drawn of this surface of saturation. At the same time 
it will then have to appear in how far retrograde unmixing of a 
phase into two other phases is to be expected. 

That one of these phases may be called a second gas phase, 


appears in $4. 


$ 6. On the conditions which must be Fuljilled that limited mis- 


( 794 ) 


cibility of two gases may be ewpected. Now that it has appeared that 
on the suppositions mentioned in $ 2 for mixtures in which one 
component is a gas without cohesion with molecules with extension, 
limited miseibility might be expected in the gas state, the question 
rises whether this phenomenon is also to be expected for mixtures 
with a gas of feeble cohesion. As on the said suppositions no maxi- 
mum critical temp. is to be expected, this will be the case when 
Ten > Ti, is found.) We have treated this question by the aid of 
the w-surface for the molecular quantity (cf. $ 2). We arrive then 
at the equations develöped by van DER Waars Contin. II p. 48. 
The condition that 7. > T,, is: 


4 1 
(Bao /bum — Van / am! > 37 b’u/ba - 


zu (l—an) 
in which dy and #1(d—xyr), follow from the equations given by 
VAN DER Waars loc. cit. We find from this?) Tin > 2% 


for bey/bum=2 ‚if asy/aım< 0.58 


1 0.053 

1), 0.0037 
1, 0.00023 
gi 0.000015 


lt appears on investigation that only for few pairs of substances 
the ratios of the a’s and Ö’s°) will be able to satisfy this condition. 
The still unknown relations between a and b for a same substance, 
to which we alluded in $ 1, and from which ensues that in general 
substances with small a also possess a small d, and that as a rule 
large db goes together with large a, seem to prevent this. He, which 
with a d which is still not very small compared with H, possesses a 
very small a, so feeble cohesion, and H,O, which taking the value 
of a into consideration, has a comparatively small d, so a molecule 
of small volume, constitute exceptions to this general rule which are 
favourable for the phenomenon treated here. 

If for He—H,: bau/dun \/,-and a1 / aım = '/,,, (Comm. 
N’. 96c, Febr. ’07. p. 660 footnote 2) T7., must be expected 
on the above suppositions. Also for helium-argon and helium-oxygen 
e.g. the same thing must be expected. Most likely the ratios are 


) Whether limited miseibility in the gas state may also oceur if Tim < Tr 
in certain cases and at suitable temperatures, will be discussed n 5 7. 
2) For baay/ bın = 1% eg. we find also Tim > Tr, for 0.125 > aseır / ana > 0.061. 
These cases will be further discussed. 
3) See e.g Kounstamm, LANDoLT-BÖRNSTEIN-MEYERHOKLFER'S Physik. Gliem 
Tabellen. 


#. KAMERLINGH ONNES and W. H. KEESOM. Contributions to the knowledge of the 
‚surface of VAN DER WAALS. XV. The case that one component is a gas 


without cohesion with molecules that have extension. 


two gases. 


Proceedings Royal Acad. Amsterdam. 
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more favourable for mixtures of helium and neon') than for those 04 
helium and hydrogen. 

For mixtures of helium and water the ratios for the above assumed 
a. and dr. are such that for them limited miseibility in the gas 
state is to be expected, if the suppositions mentioned in $ 2 are to 
be applied. 

The coefficients of viscosity and of eonduction of heat (cf. Comm. 
N’. 96c, Febr. ’07 p. 660 footnote 2) admit a value of du. which 
is still somewhat though only little higher; this might render 
it possible to realise the said phenomenon perhaps also for the other 
pairs of substances mentioned, especially when we bear in mind 
that its appearance is not excluded for 7’.. < T}. (cf. p. 794 footnote1). 

The experimental investigation of these mixtures has been taken 
in hand in the Leiden Laboratory. 


(Communicated in the meeting of March 30). 


$ 7. The shape of the spinodal curves and of the plaits for the 
case that the molecules of one component exert some, though still 
‚feeble attraction. With very small value of the mutual attraction 
a,, of the moleeules of the two components, in connection with the 
feeble attraction a,, of the molecules of one component inter se, the 
spinodal curve will with decreasing temperäture extend more and 
more on the w-surface as in Pl. I fig. 1 from the side of the small 
v’s, come into contact with the line 2—=0 at ==), audithen 
cross from the line v—b to the side e—0 in two isolated brancbes’). 
We leave here out of account what takes place at lower temperatures 
when the spinodal eurve approaches and reaches the side 21) 100, 

To examine what shape the spinodal curve can have with greater 
attraction of the most volatile component, we shall avail ourselves 
of the suppositions introduced in $ 2 and also applied in $ 6 con- 


1) Cf. Ramsay and TRAVERS, Phil. Trans. A. 197 (1901) p. 47 for data con- 
cerning refractive power and critical temperature of neon.. 


ar. ; 5 
2) Here 2 >0 ford &=0. We see here that VERsCHAFFELT’s conclusion 


(These Proc. March 1906 p. 751) concerning the maximum temperature in the 
plaitpoint curve for mixtures, for which the component is indicated by a point 
from the region OHK (see fig. 2) must be supplemented by the possibility that 
he branch of the plaitpoint curve starting from the first component, goes to infinite 


pressures. 
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cerning the equation of state and the quantities a,,') and dir In 
the net of spinodal curves for a given pair of substances 2 singular 
points may then occur, belonging to the spinodal curves for different 
temperatures. The values of x for these are determined by the 


equation: Ei 
®M 3bıım V am F 2biim Karıımaaay — b2an V arm (ı) 
= = ? == = 7 
l1-am. —bıuVasm + 2%baem Po aıımasam + 3basyV aııM 


For very small a,, we find from this two singular points with 
@_>1, so not belonging to that part of the y-surface which can 
denote phases of mixtures. Of these two singnlar points that for 
which the lowest signs hold, passes through infinity for inereasing 
Ay, and then approaches the line e—=0 on the other side of the 
ı-surface. This line is reached for: 


€ 


1 zu 
Fassy/aım = Sr I+HV 143 boom/bian m .. 2) 


With inereasing a,,/a,, the singular point, which appears to be a 
double point for this region, approaches the line v»—=b, which line 
is reached for: 

Y asylaım = — (1—bson bun)+ Vl—bay/bum+(bsu/dım)—=m, (3) 

In this we assume dssy hu): 

So if the mutual attraction of the molecules of the most volatile 
component and those of the other in connection with the attractions 


inter se attains a certain value — on the assumptions made for the 
caleulations for m=VY anm/aın=m, — the spinodal curve for 


T=T,, will no longer touch the side in K, Aebsfga 1.P1ED, but a 


') In this first investigation of what may be expected for mixtures of helium, 
with a view of forming some opinion as to the conditions under which the ex- 
periments for this purpose are to be made, we put ($ 2), dJon=$ (bunt bsey ) 
Qu = V amazon (cf. Comm. Suppl. No. 8, These Proc. Sept. ’04 p. 227) in 
the calculations, no data concerning qa,, and d,, for those mixtures bein available 
as yet. Also Van DER Waars (These Proc. Febr. ‘07, p. 630) assumes that as a 
rule aa < (dum+ aaaıı). It will be necessary for a complete survey concerning 
the different possibilities to make also other suppositions about qıau (cf. VAN DER 
Waaıs l.c., Kounsranm ibid p. 642), at the same time taking care that a and b 
are not put independent of v and T. at least not both (ef. Van DER Waars, These 
Proc. Sept. ’05 p. 289) and that they may only be put quadratie functions of % 
by approximalion. 

If also for mixtures with very small as, au might be < Y anna oı (ef. 
Kounstann Ic.). the phenomena of limited miscihility under discussion might stil] 
be sooner expected. 

?) For bzo > du the other singular point comes from side @=1 on the 


v-surface for a smaller value of agay/auın. As probably this case does not present 
itself for the pairs of substances with small Qa3/d1, known to us, we shall not diseuss it. 
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will have a double point there, in which the two branches of the 
spinodal curve intersect each other and the line 2—=0 at an angle. 
In this case the eritical temperature of the least volatile component 
is not changed in first approximation by small quantities of admixtures. 

With greater attraction of the most volatile component — on the 
suppositions mentioned for m, <m<{m, — a spinodal curve on 
the w-surface will have a double point. This will lie the nearer to 
the side of the small v’s, the more the attraction of the most volatile 
component increases. With a certain value of the attraction — m=m, — 
the spinodal curve reaches the line v—=b with a double point, with 
greater attraction {he spinodal eurve will proceed from @—=O on the 
w-surface with decreasing 7, and touch the linev=db at T= T}... 
On the suppositions mentioned for haem/bıım < ""/,, the contact with 
the line v=b5 will here take place at temperatures > 7',,, for 
baau/bi:m > '"/,, at T< Tr, so that in the latter case the spinodal 
eurve comes first into contact with the line z=1. 

In the first case (dbaau/biın<°/,,) a plait will come from «= 0 
and at lower 7, whereas for larger m a branch plait directed to the 
side e—=1 may develop: if m<m, it will be united through an 
homogeneous double plaitpoint (Kortwwes, Archiv. Neerl. 24 (1891)), 
with a plait coming from »—=b to a plait that erosses from one side 
to the other, if m>m, it wili pass into such a plait by contact 
with v=b. 

In the second case the plait which becomes from @=0 will 
again united with on2 coming from v = d for smaller ın ; for larger ım 
a branch plait will have developed before this union takes place 
or before the spinodal curve touches the line v=b. 

The shape of the spinodal curve for these cases with always 
greater attraction of the most volatile component, where we shall 
have to consider three phase equilibria, need not be discussed for 
the present, as they do not belong to the case of a component with 
feeble attraction '). 

For some values of Daay1/bıım table I gives the values agey/aıım — Mt", 
caleulated from the equations (2) and (3). If we compare with this 
the values of aa»u/aıım for which Tim = Tai ($ 6) we see that they 
really lie between those caleulated here. 

The shape of the spinodal curves for a case, in which m <m<m,, 
has been represented on plate II, for the w-surface of the unity of 
weiglit (cf. $ 2), with the relations and data assumed in $ 2, 
except that a,, @,, = 0.000439 (or as»m/aıım = 0.00196). 


)) Cf. moreover Van Laar, Arch. Teyzer (2) 10 (1906), These Proc. Sept. '06 
p. 226. 
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TABLE 1. 


3 | 0.0014 0.0179 
1% | 0.000134 0.000527 
# 0.000011 0.000022 


The plait extending on the w-surface from » = b for a temperature 
> T;ı, will have to be considered as a gas-gasplait according to 
$4 (ef. $6). Also a similar plait for 7<< Ti, if the connodal ceurve 
is not touched by an isomignie line, and is nowhere cut by an 
isomignie line which intersects the connodal curve of the plait coming 
from 2—0!,. According to $ 4 we shall be justified in considering 
also the plait Iying on the side of the small v’s for a Kae 
(temperature for which the double plaitpoint considered occurs) as 
gas-gasplait, if the temperature is above the critical temperatures of 
the unsplit mixtures for all parts of that plait. That there can be 
some reason for doing so, appears when we calculate the reduced 
temperature for the double plaitpoint for some cases, e.g. for the 
ratios Öaam/bıım and the m, belonging to it, mentioned in Table 1. 

Putting dgsm/dbım =n the double plaitpoint temperature is deter- 
mined by: 


AR 27 (n— m’)? 
Paula er 
and 
2 m (n-+- m)’ 


va Yı = 5 (I-Fm)* m (am) —n (1— m) 


So for the case represented on Plate II we find: 
wu = 0.587, Tayı/Trı = 0.966, Tayı/Tre = 2.17. 


(To be continued). 


!) Here it appears that a gas-gasplait can occur also if Tkm < Tk,, and. for 
temperatures T<T%, with Tkm > Tr, , (cf. p. 794 note 1 and p. 794). 


(April 25, 1907). 
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